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PREFACE 


The mannscript of this hook was commenced in the 
autumn of 1931 at the suggestion of Professor D. A. Low, 
the author’s father, but owing to various interruptions, 
including the war, it has not been possible to produce the 
finished result until 1942. 

Some explanation regarding the title and the contents 
may be necessary. The main title Engineering Mechanics 
has been chosen in order to avoid confusion with A. 
Low’s Applied Mechanics, to which this book is intended 
to be a companion volume. The book is complete in 
itself, however, although reference is made to the Applied 
Mechanics in a few places to avoid unnecessary dupKcation. 
Together, the two books cover a wide field. 

The book is chiefly concerned with kinematics and 
dynamics, including instantaneous centres, velocity and 
acceleration diagrams, analysis of cams, motion of rigid 
bodies in two dimensions, and vibrations of various kinds. 
In view of the importance of dimensions and dynamical 
similarity, a chapter is devoted to these subjects. The 
deflection of beams is dealt with, some knowledge of this 
being required in fhe study of certain vibration problems. 

The chapter on the deflection of beams is complete in 
itself, but to some extent it supplements the correspond- 
ing chapter in the Applied Mechanics*, each problem is 
examined from first principles and the Macaulay method 
is explained with examples. 

The Applied Mechanics is still as much in demand as 
when it was first published, but it is believed that there* 
are some readers who would like to have more information 
on the part dealing with kinematics and dynamics, and it 
is for this reason that the present writer has produced 
what he hopes will be regarded as a suitable companion 
volume. 



VI 


ENGINEERING MECHANICS 


There are numerous worked examples in the text, and 
in many instances the exercises which foUow most of the 
chapters wiU he found to amplify the text. The author 
strongly recommends the student to work through the 
exercises, doing as many as time allows, since this is the 
only way to learn the subject. 

The whole of the text, the worked examples, and the 
answers to the exercises have been checked by the author’s 
son, E. D. Low, and it is hoped that the book is free from 
errors. 

Some of the examples and exercises have been selected 
from examination papers set by the Universities of Cam- 
bridge and London and by the Board of Education; these 
are designated [C.U.], [U.L.], and [B.E.]. The author 
acknowledges with thanks the permission — granted by the 
Syndics of the Cambridge University Press, the Senate of 
the University of London, and the Controller of H.M. 
Stationery Office — to use these questions. 


February 1942 » 


B. B. LOW. 
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CENTRAL AT*rTTA"-’'>T 

EKGmEERiisra mechanics 

CHAPTER I 

VELOCITY— ACCELERATION— VECTORS 

1. Greek Alphabet . — A few of the Greek letters are used 
in this volume, and the alphabet is given here for reference. 


A 

a 

alpha 

I 

1 

iota 

i P 

P 

rho 

B 

/S 

beta 

K 

K 

kappa 

s 

a 

sigma 

r 

y 

gamma 

A 

A 

lambda 

T 

r 

tau 

A 

d 

delta 

M 


mu 

Y 

V 

upsllon 

E 

€ 

epsilon 

N 

V 

nu 


<!> 

phi 

z 

c 

zeta 

B 

1 

xi 

X 

X 

chi 

H 

V 

eta 

0 

0 

omicron 


-!> 

psi 

<H) 

e 

theta 

n 

TT 


O 

m 

omega 


2. Velocity and Speed. — All motion is relative motion, 
and when a body is said to be fixed or at rest it is only 
at rest relative to another body. In engineering work, 
motion is generally measured relative to the frame of a 
machine or to the earth. The rate of change of position 
of a point is called the velocity of the point and it involves 
direction and sense as well as rate. The rate without 
consideration of direction is called speed. Direction is 
defined by saying the motion is along a certain straight 
line, say AB, then the sense of the direction is either from 
A towards B or from B towards A. If the motion of a 
point is along a curve, then at any instant the direction 
of motion is along the tangent to the curve at the point. 

Speed is uniform or variable according as equal or unequal 
distances are traversed in equal intervals of time, however 
short these intervals may be. A point may have uniform 
speed along any path, either straight or curved, but if the 




DISTANCE 
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velocity is to be uniform the motion must be in a straight 
line since velocity involves direction as well as rate. The 
velocity of a point is variable when its speed is changing 
or when its direction of motion is changing or when both 
speed and direction are changing. 

A moving point has linear velocity and the magnitude . 
of this velocity is measured in units of length per unit 
time — for instance, feet per second or miles per hour. 
Suppose the speed, or magnitude of the velocity, is constant 
and is denoted by v, then if a distance 5 is travelled in 
time 

s^vt or v=^sjt. 

If s is in feet and t is in seconds, then v is in feet per second. 

A line turning about a point has angular velocity. If 
the angular velocity is uniform and its magnitude is 
denoted by co, and if 6 is the angle turned through in 
time t^ then 

0=a)t or 

If 0 is in radians and t is in seconds, 
then CO is in radians per second. It may 
be remarked here that a radian is the 
angle subtended at the centre of a circle by an arc 
whose length is equal to the radius (Eig. 1) and that 
360° = 27r radians. 


3. Distance-Time Graphs.—Let the distance s travelled 
by a point be plotted against time t, using axes OS and 



OT (Fig. 2), then if equal distances 8^ are traversed in 

85 

equal times 8^ the speed is — , which is constant, and the 

01 



Fig. 1. 
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graph is a straight line. If the distances Ss are not equal 
in aU the equal intervals 8t, the graph is a curve (Fig. 3) 

Ss 

and the speed is variable since ^ is different for each 

ot 

interval of time. For any particular interval of time the 
8s 

value of — is called the average speed during that interval. 

ot 

To find the instantaneous value of the speed at any 
moment, consider points P and Q near together on the 
curve, a short length of which is shown enlarged in Fig. 4 . 
Draw PN and QN parallel to OT and OS, respectively, 
and intersecting at N. The average speed between P and 


Q is ^ or where 85 = 


:QN and Si=PN, and the nearer 
hs 


Q is to P the more nearly does represent the speed at P. 

ot 

Now let Q approach P, then ultimately the chord PQ 
becomes the tangent PL to the curve at the point P, The 
Ss 

value to which — approaches, as approaches zero, is 

05 


ds 


written j and this is the slope of the tangent and the speed 

at P. Therefore the speed at any point P may be found 
graphically by drawing a tangent to the curve and finding 
LN 

the slope measuring LN with the distance scale and 

measuring PN with the time scale. Although it is often 
difficult to draw a tangent with great accuracy, the re- 
sultant error due to inaccuracy in measurement should be 
made as small as possible by draiwing LN at a greater 
distance from P than is shown in the Fig. 

Sometimes a short length PQ of the curve is so nearly 
Ss 

straight that — gives a close approximation to the speed 
ot 

at the point P. When the curvature is more noticeable it 

will be more nearly correct to take r- as the speed at the 

ot 
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middle of the interval. When the speed is constant, then 
the graph is a straight hne and at any point the value of 

^ is the same as the ratio 
at ot 

ds 

If the equation of the curve is known, the value of — 

at 

should be found by ^fferentiation. This method is dis- 
cussed in Chap. III. 

Although the distance-time graph does not show the 
direction of motion of a point at any instant, this direction 

ds 

is usually known and the speed — is often called the 

at 

velocity. 

4. Acceleration. — The rate of change of a velocity is 
called acceleration and it may be uniform or variable. 
Since velocity involves speed and direction, acceleration 
involves change of speed or change of direction or change 
of both speed and direction. Generally, in continuous 
motion, acceleration is regarded as positive or negative 
according as the velocity is increasing or decreasing. 
Negative acceleration is also called deceleration or retarda- 
tion. When the direction of motion is reversed at intervals, 
as, for instance, during vibrating motion, the acceleration 
is usually taken as positive or negative according as it is 
in the direction of positive or negative displacement. 
Acceleration is linear acceleration when the variable 
velocity is linear and it is angular acceleration when the 
variable velocity is angular. 

If a point starting from rest moves along a straight line 
with a uniform acceleration /, then the velocity v after 
time t is 

v=ft and f—vjL 

If V is in feet per second and t is in seconds, then / is in feet 
per second per second. Similarly, for uniform angular 
acceleration where motion is from rest, the relation between 
angular velocity w, angular acceleration a, and time t is 

(o = at or a = a}ft. 
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If oj is in radians per second and t is in seconds, then a is 
in radians per second per second. 

The linear acceleration of a falling body whose motion is 
unresisted is denoted by g, and the value of g is approxi- 
mately 32-2 feet per second per second. Actually this 
acceleration, due to gravity, varies slightly at different 
places on the earth and depends on the altitude, but for 
engineering purposes it is sufficiently accurate to take it 
as a constant. 


5. Velocity - Time Graphs. — Velocity-time graphs are 
shown in Figs. 5 and 6. When the velocity increases at a 
uniform rate (Fig. 5) ^ 
equal increments 8 v 
occur in equal inter- k 
vals of time Sty the 8 
graph is a straight ^ 
hne and the accelera- 

3^ O TIME T O TIME T 

tion is which is Fig. 5. Fig. 6. 

ot 




constant. When the velocity increases at a varying rate 
(Fig. 6) the increment St; has different values in the equal 
intervals of time St. The average acceleration over one 


of these intervals is 


Sv 

St' 


and the value to which this ratio 


approaches if is made to approach zero is written 


dv 

If 


which is the instantaneous value of the acceleration. When 

dv . ^ , Sv 

the acceleration is constant, -7 has the same value as 77* 

at ot 

The acceleration at any instant may be found graphically 
by drawing a tangent to the velocity-time graph and 
measuring the slope, which is the graphical interpretation 
dv 

of — provided the lengths are measured with the appro- 
dt 

priate velocity and time scales. Owing to inaccuracies in 
drawing and measurement, this graphical method only 
gives approximate results. 
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dv 

The use of the notation -r- for the instantaneous value 

at 


of the acceleration is exactly the same as the use of - 7 - for 

dt 

the instantaneous value of the velocity which was dealt 
with in Art. 3, When the equation of the velocity-time 

d/o 

graph is known, the value of — should be found by 


differentiation. 


Cl- X. -XX 

Since v=:-:r. 77 may be written — r- 
dt dt dt 


or 


more briefly — , but it should be understood that — is 
at 

to be taken as one symbol denoting acceleration or rate of 
change of velocity. 

It will be shown later (Arts. 28 and 29) that when 
motion is along a curve there is an acceleration along the 
normal at each point, even when the velocity is of uniform 
magnitude. Therefore, in general, the slope of the 
velocity-time graph will not give the total acceleration 
unless the motion is along a straight line. 


6. Fluxional Notation for Velocity and Acceleration. — 

Instead of writing velocity as v acceleration as or 

dt dt 

dH 

— , the notation s for velocity and v or s for acceleration 

is sometimes very convenient because it is written more 
quickly and saves space, s is read as s dot and s is read 
as 8 double dot or s two dot. Similarly, 6 denotes angular 
velocity and 8 or co denotes angular acceleration. 

7. Relations between Linear Motion and Circular Motion. 
— ^Let P be any point on a disc which is rotating in its own 
plane about its centre 0 and let OP=r (Pig. 7). When 
OP has turned through 6 radians the distance s which P 
has travelled is given by 5 = fir and at any instant the 
direction of motion of P is perpendicular to the radius OP. 
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Since s — dr, the rate of change of s must be r times the 
rate of change of 0, therefore, if at any instant v is the 
linear velocity of P and o) is the angular 
velocity of OP, 

v=^cor or a)=vjr. 

For a given value of o) the value of v is pro- 
portional to r, for instance if r is doubled then 
V is also doubled. 

At any moment let the acceleration of P tangential to 
its path be / and let the angular acceleration of OP be a. 
Since v^cor, the rate of change of v must be r times the 
rate of change of co, therefore 

f-ar or a- fir, 

and for a given vahie of a, / is proportional to r. 

The units wiU now be considered. If distance is 
measured in feet and time in seconds, then since an angle 
in radians is an arc divided by a radius, or feet divided by 
feet, or a ratio which cannot have dimensions, therefore 

V feet 1 radians 

r sec. feet sec. ^ 

/ feet 1 radians 

and a=-= i-v— 

r sec.^ feet sec.^ 



Fig. 7. 


8. Vectors. — Quantities such as displacement, velocity, 
and acceleration which involve direction as well as magni- 
tude are called vector quantities and may be represented by 


straight lines called vectors. For instance, 
a displacement from A to B (Fig. 8) may 
be represented by a line ah drawm parallel 
to AB and to some definite scale so that 
the length ab is proportional to the 
length AB. The directions of the two 



lines must be the same and it is for this reason that 


they are made parallel. The sense oi the direction, that 
is whether the displacement is from A to B or from B to A, 
is given by the order in which the letters a and 6 are 
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mentioned. A displacement from A to B is represented 
by the vector ah, and a displacement from B to A is repre- 
sented by the vector ba. The sense may also be shown by 
putting an arrowhead on the vector, which may then be 
labelled with one letter, such as S in the Fig., but with 
this method the vector can only represent one sense. 

Suppose a point P (Fig. 9) is moved in the directions 
PA and PB simultaneously and it is required to find the 
resultant displace- 
ment. Draw a line pa B 
parallel to the direc- 
tion PA and of such 
length that it repre- 
sents to some scale the 
displacement in the 
direction PA. Similarly, draw ph parallel to PB to repre- 
sent the displacement in the direction PB. Complete the 
parallelogram pach and join pc, then pc represents the 
resultant displacement of the point P to the same scale 
that pa and ph represent the separate displacements. The 
parallelogram pacb is called a vector parallelogram or 
parallelogram of vectors. The resultant pc is the vector 
sum of the vectors pa and pb, and this vector addition may 
be written as 

pa +pb —pc. 



Various notations are used to ensure that it is under- 
stood that such an equation represents the addition of 
vectors and not an algebraic sum, for instance, 

pa ■\-pb —pc, 


or pa ^pc, 

but in most cases these notations are not essential. 

Since ac is equal and parallel to ph, the vector sum of 
pa and ph may also be found by drawing the triangle pac, 
called a vector triangle, then 

pa +pb =^pa + ac —pc. 

The sum of any number of vectors may be found by 
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drawing a polygon. Suppose it is required to find the 
resultant of the vectors R, S, T, and U (Fig. 10). Draw 
ab parallel and equal to R, 
be parallel and equal to S, u/ 
cd parallel and equal to T, / 
and de parallel and equal / 
to XJ. (Of course ah^ be, 
etc. may be made proper- «* 
tional to the corresponding 
vectors R, S, etc.) Join ae, then ae is the resultant of 
the given vectors and abode is called a vector polygon. 
Join ae and ad, then ae is the resultant of ab and be, 
ad is the resultant of ae and cd, and ae is the resultant 
of ad and de, therefore ae is the resultant of the given 
vectors. 

So far only displacement vectors have been considered, 
but velocity is displacement divided by time and therefore 
a vector triangle or a vector polygon may be drawn in 
which each vector represents a velocity. Similarly, since 
acceleration is change of velocity divided by time, a vector 
triangle or a vector polygon may be drawn in which each 
vector represents an acceleration. 




9. Resolution of Vectors. — Since the vector sum or re- 
sultant of two vectors ab and be (Fig. 11) may be obtained 
by drawing a triangle abc, 
conversely the resultant 
ae may be resolved or 
split up into the two 
vectors ab and be. These 
two vectors are called 
eomponent vectors or com- 
ponents and each may be 
drawn in any direction as indicated in Fig. 12- 
desirable to have the components in mutually perpendicular 
directions (Fig. 13); in this case the fixing of the direction 
of one component also fixes the direction of the other 
component. 

It wiU be noticed in Fig. 11 that by drawing cd perpen- 


Fig. II. 


Fig. 12. 


Fig. 13. 


It is often 
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dicular to ab and meeting ah produced at d, the component 
be is resolved into components bd and dc^ bd being in the 
same direction as ab; therefore, unless two components 
are mutually perpendicular, each one may be resolved so 
as to have a component in the direction of the other. 


10 . Analytical Determination of Resultants and Com- 
ponents. — Suppose it is required to find by calculation the 
resultant R of vectors P 
and Q (Fig. 14 ) which are 
incHned to one another at 
an angle jS. 

The resultant may be 
calculated from the cosine 
formula 

Fia. 15. 



R = VP2 + Q2-2PQ cos j8. 

Let a be the angle between P and R, then 


sm a 
sin 


Q 

R 


==~ or a=sm 


-1 


sin j8 


The same results could also be obtained without using 
the cosine formula. Let Q be resolved in two directions, 
along and perpendicular to the direction of P. Denoting 
these components by M and N (Fig. 15) and writing y for 
180° - jS, then M==Q cos y and N = Q sin y. 

The resultant R is the hypotenuse of a right-angled 
triangle and is given by 

R=\/(P + M)^ + N2, 


also 


sm a: 


N 

'r 


and 


. ,N 


or taua = ~; — and a=tan“^:;r — 

P+M P+M 

The second method is better illustrated by the example 
shown in Pig. 16 . Suppose it is required to find the 
resultant R of vectors P^ Pj, and P3, inclined at angles 
61, 6^, and 6g, respectively, to an axis OX. 
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Draw the axis OY at right angles to OX, then project 
Pi, Pj, and P3 on to the axes by drawing the perpendiculars 



as shown by the dotted lines and let the projections be 
denoted by y^, etc. 

Then 

x-y = Pi COS Oy, Xg = Pg COS 02, X3 — Pg cos 03, 
yy = Pi sin 01, 2/2 = Pg sin 0j, y^ = P3 sin d^, 

and R = ^(a:! + ajg + ccg)* + {yy + yg + VzY- 

If R is inclined at an angle 0 to OX, then 


0 =sin~^ 


yx+Vi+yz 


= tan“^ 


yi+y z+Vz 

Xy+Xi+Xf 


R 


CHAPTER II 

VELOCITY DIAGRAMS— INSTANTANEOUS CENTRES 



11. Relative Velocity. — Consider points A and B (Fig. 17) 
moving in the plane of the paper and having velocities Va 
and respectively, relative to the paper. It is required 
to find the velocity of B 
relative to A — that is, the 
velocity with which B 
appears to be moving 
when viewed from A. 

Give A and B velocities 
equal to then A 

will be at rest relative 
to the paper but the 

velocity of B relative to A wiU be unaltered. Draw the 
parallelogram of velocities for B, then the diagonal cd 
represents the velocity of B relative to the paper and 
therefore relative to A because A is now at rest. 

The same result may be obtained more quickly from the 
vector triangle oab, drawing oa and oh to represent Va and 
v-by respectively, and then joining ah. The velocity of B 
relative to A is represented by ah, for it can be seen that 
ab^cd. The arrowheads shown on the triangle oab are 
unnecessary in practice, but they have been put on to 
emphasize the fact that the vectors oa and oh represent 
the actual velocities and Vj,, neither of these being 
reversed. 

In a similar way, by bringing the point B to rest, 
it can be shown that the velocity of A relative to B 
is ha. 

The point o, the starting-point when drawing the 
triangle, is usually called a pole. 

In the triangle oab there are two ways of getting from 

12 
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0 to 6, either direct or via a, and the vector equation 
representing these two routes is 

oh = 0 (X + a6. 

In words — 

Velocity o/ B =: Velocity o/ A + Velocity of B relative to A. 
This vector equation may also be written in the form 
oa:=ob -ab^ 

but 

therefore oa = o6 + 6a. 

In w'ords — 

Velocity of A = Velocity o/ B 4* Velocity of A relative to B. 

This result also follows immediately from the triangle oa6, 
for there are two ways of getting from o to a, either direct 
or via 6. 



12. Special Cases of Relative Velocity. — (1) Let A and B 
be two points on a rigid link moving in the plane of the 
paper (Fig. 18). The distance from A to B cannot change 
and so there can be no relative 
motion between A and B along 
the line AB. Therefore relative 
motion must be perpendicular 
to AB. If rotary motion of the 
link is clockwise, then relative 
to B the velocity of A is in 
the direction Aa perpendicular 
to AB, and relative to A the 
velocity of B is in the direction B6 perpendicular to AB. 

(2) Let A and B (Fig. 19) be two rigid links having 
relative motion in the plane of the paper and being con- 
tinuously in contact. Let P be the point of contact for an 
instant, let TPT' be the common tangent, and let NPN' be 
the common normal. Since the links are rigid and remain 
in contact, there can be no relative motion along the 
common normal NPN'. Therefore if one link slides on the 
other, the relative motion at P must be along the common 


Fig. 18. 


Fig. 19. 
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tangent TPT'. If the motion is pure rolling, then there is 
no relative motion at P, 



13. Angular Velocity Ratios. — ^Two examples of the 
determination of angular velocity ratios, in which the 
results of the preceding Art. are used, will now be given- 

Example 1. — ^Let a link AB turning about a fixed point 
A with an angular velocity 
0)1 (Pig. 20) turn a link CD 
about a fixed point D with 
an angular velocity the 
points B and C being coupled 
by a link BC. The three 
links all move in the plane 
of the paper. It is required 

to find the value of the velocity ratio 0 ) 2 /^! when the links 
are in the positions shown. 

Produce CB and DA to intersect at K, and draw AM 
and DN perpendicular to BC, meeting BC at M and N, 
respectively. 

Assuming that the link BC does not alter in length, the 
points B and C cannot have any relative velocity along 
BC. The component of the velocity of B in the direction 
BC is 0 ) 1 . AM, and the component of the velocity of C in 
the direction BC is cog.DN. Therefore 


Fig. 20. 


o)i . AM = 0)2 . DN 


or 


0)2 AIM 


Since the triangles KAM and KDN are similar, 


Therefore 


AM_KA 

DN^KD 

0)2 KA 

o)i”^KD‘ 


Example 2 . — A cam AB rotating about a fixed point A 
with an angular velocity o)i, turns a link DC about a &xed 
point D with an angular velocity (Pig. 21). Assuming 
that the cam and the link are always in contact, it is 
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required to find the value of the ratio w^/coi for the 
position shown. 

Let P be the point of 
contact. Draw the common 
normal NPN' and draw AM 
and DN perpendicular to it. 

Draw a line through D and A 
to intersect NW at K. 

There cannot be any rela- 
tive velocity, between the cam 
and the link, along the common 
normal NPN', therefore, as in 
the preceding example, AM = a) 2 *DN, or 

co2_AM KA 

a)i~DN“"KD 



14. Velocities of Points on a Rigid Body — Velocity Image. 
— Let A and B (Eig. 22) be points on a rigid body having 


plane motion and let the 
velocities of the points A 
and B be Va and v^,, re- 
spectively. Assume that 
Va is known in direction 
and magnitude, but that 
Vi, is known in direction 
only. It is required to 
find the magnitude of 
and then to show how 



the velocity of any other 

point on the body may be determined. All points in any 
line perpendicular to the plane of the paper, which is a 
plane of motion, have the same velocity, and therefore it 
is sufficient to consider A and B and other points as being 


in the plane of the paper. 

The velocity diagram oab may now be constructed. To 
some convenient scale draw oa equal and parallel to Va 
draw ob parallel to Vj,. The length of ob is as yet unknown. 
Since A and B are points on a rigid body, there cannot be 
relative motion between them along the line AB, therefore 


16 


ENGINEERING MECHANICS 


the relative motion between A and B must be in the 
direction perpendicular to AB. Therefore draw ab per- 
pendicular to AB, intersecting ob at 6, then the length ob 
represents the magnitude of Vi,, the velocity of the point B. 
The vector equation may be written — 

Velocity of B= Velocity of A + Velocity of B relative to A, 

or ob—oa + ab. 


Similarly, oa = ob+ ba. 

Now consider any other point C on the body and in the 
plane of the paper. Join AO and BC. The velocity of C 
relative to A is perpendicular to AO and the velocity of C 
relative to B is perpendicular to BO, Therefore, in the 
velocity diagram, draw ac and he perpendicular to AO and 
BO, respectively, and let c be the point of intersection, 
then ac represents the velocity of 0 relative to A and he 
represents the velocity of 0 relative to B. Join oc, then 
oc represents the velocity of the point 0, as can be seen 
from either of the vector equations 

oc=oa + ac or = + 


The triangles abc and ABC are similar, since each side of 
one is perpendicular to a side of the other; the triangle abc 
is called the velocity image of the triangle ABC. The 
velocity of any point D in the line AB is given by od!, where 

i is found by dividing ah so that The angular 

ah AB 

velocity of the body AB may be found by dividing the 
velocity of B relative to A (or of A relative to B) by the 
length AB — ^that is, 


Angular velocity of AB = 


AB““AB’ 


and the direction in this particular case is clockwise. 


15. Instantaneous Centre. — Another way of determining 
velocities is by means of the instantaneous centre. Suppose 
A and B (Eig, 23) are points on a rigid body having plane 


VELOCITY DIAGRAMS 17 


motion and that A and B are moving in the plane of the 
paper. Let and Vj, be the velocities of A and B, re- 
spectively, when the body is in 
the given position, and let the 
directions of these velocities be 
defined by the angles a and ^ as 
indicated. Usually one velocity 
is known in both magnitude and 
direction, but the other is known 
in direction only. 

Draw AO and BO perpen- Fig, 23. 

dicular to the directions of the 

velocities of A and B, respectively, and let AO and BO 
intersect at 0, then 0 is called the instantanmm centre or 
virtual centre of the body relative to the paper. 

Since the direction of motion of the point A is perpen- 
dicular to AO, the body can turn for an instant about any 
point in AO without affecting the direction of motion of 
A; similarly, since the direction of motion of the point B 
is perpendicular to BO, the body can turn for an instant 
about any point in BO without affecting the direction of 
motion of B. Therefore the body can turn about the 
point 0 for an instant without affecting the directions of 
the motions of A and B. 

Let CO be the angular velocity of the body, then 



'^0 = 01.0 A, ^5=0). OB, 


and by division 


^a_ OA 

v^ OB 


Therefore, if the magnitude of one velocity is knowm, the 
magnitude of the other can be determined. 

The same result will now be obtained in another way to 
show that the use of the instantaneous centre is justifiable. 
Since A and B are points on a rigid body, there cannot be 
any relative motion between them in the line AB, therefore, 
resolving along AB, 

Va cos ^ 

Va cos a =Vi, cos jS, or — 

cos a 


Now cos a=sin OAB and cos j8 = sin OB A, 


B 
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therefore 


sinOBA OA 
OAB"OB^ 


and this is the relation obtained before, therefore the in- 
stantaneous centre method gave the correct result. The 
velocity of any other point C on the body and in the plane of 
the paper is co . OC and its direction is perpendicular to OC. 

It will be noticed that OAB is a triangle of velocities 
turned through a right angle, for OA and OB are perpen- 
dicular to the directions of motion of A and B, respectively, 
and AB is perpendicular to the direction of the relative 
motion between A and B. The magnitudes of the velocities 
are represented by the lengths of the sides of the triangle, 
to the scale on which OA represents the magnitude of the 
velocity of A. 

The method of instantaneous centres is convenient and 
easy to apply in simple mechanisms, but the velocity 
diagram method is to be preferred in complex cases. 
Examples in which both methods are illustrated are given 
in Arts. 17 and 18. 

The instantaneous centre of a moving body is continually 
changing its position unless the body has rotary motion 
only, and the locus of the instantaneous centre is called a 
centrode. A line drawn through an instantaneous centre 
perpendicular to the plane of motion is called an instan- 
taneous axis, and the locus of this axis is a surface called 
an axode. 


16. Permanent and Fixed Centres. — Two particular cases 
of instantaneous centres are illustrated in Eig. 24, which 
shows the slider-crank mechanism. Relative to the crank 
OB, the connecting-rod AB turns 
about the point B, and B is the in- 
stantaneous centre of AB relative to 
CB or of CB relative to AB. The 
point B is also called a permanent 
centre since it always connects AB and CB, although its 
position is continually changing relative to the paper or 
the fixed link AC. The point A, connecting the shder to 
the rod AB, is another permanent centre. 



i^iG. 24. 
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The crank OB turns about the fixed point 0, and C is the 
instantaneous centre of CB relative to the paper or the 
fixed link AO. The point C is also called a fixed centre 
since its position does not change. 

17. Velocities in the Slider- Crank Mechanism. — In this 
Art. a simple example illustrates the use of a velocity 
diagram and of an instantaneous centre. 

A slider at A (Figs. 25 and 26) is connected by a rod AB 
to the end B of a crank CB of length r. The crank rotates 
in a clockwise direction about the point C with uniform 
angular velocity co, and the slider reciprocates along the 
line AO. It is required to find the velocity Va of the slider A 
and the angular velocity O of the rod AB when the crank 
is in the given position. (The analytical determination of 
the velocity of the slider is given in Art. 27.) 

Let Vj, be the velocity of the point B, then = wr and its 
direction is perpendicular to CB. 



Method 1 . — Velocity Diagram . — From a convenient poleo 
(Fig. 25) draw ob perpendicular to CB and oa parallel 
to AO, then, using a suitable scale, make ob^v^^cx>r. 
Since AB is a rigid link, the velocity of A relative to B is 
perpendicular to AB, therefore draw ba perpendicular to 
AB and intersecting oa at a. 

Velocity of A = Velocity of B + Velocity of A relative to B, 
oa^ob -{’ba. 

Therefore oa represents the velocity of A. 


or 
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The angular velocity of AB is where ba is 

measured with the velocity scale and AB is measured with 
the scale to which the mechanism is drawn. The direction 
of this angular velocity is anticlockwise. 

3h this particular example the required velocities may 
also be obtained as follows. Produce AB to intersect at 
D a line drawn from C perpendicular to AC. 

The triangles CBD and oba are similar, since CB, CD, 
and BD are perpendicular to ob, oa, and ba, respectively, 


therefore 


Va oa CD 


and CD represents the velocity of A to the same scale that 
CB represents the velocity of B. Also, measuring BD 
with the same scale and measuring AB with the scale to 


which the mechanism is drawn, Q, = 


BD 

AB* 


Since Vb=(j^.CB, using the mechanism scale, therefore 
BD 

and The velocities can be found for 

AB 


various positions of the crank by repeating the construction. 

Method 2 . — Instantaneous Centre ^ — Draw AO (Fig. 26) 
perpendicular to AC, the direction of motion of A, and pro- 
duce CB, which is perpendicular to the direction of motion 
of B, to intersect AO at 0. Since A and B are moving 
perpendicular to OA and OB, respectively, therefore 0 is 
the instantaneous centre of AB relative to the paper^ — that 
is, relative to AC, for AC is not moving. 

Since B is a point in BC which is turning about 0, 
t;j,=a).CB; also since B is a point in AB which is turning 
for an instant about 0, V 2 ,=O.OB. 


Therefore 


O.OB=a).CB, 


or 


O —(a 


OB 

OB* 


In some cases the point 0 may be off the paper, therefore 
produce AB to intersect at D a line drawn from 0 perpen- 
dicular to AO, then OAB and CDB are similar triangles 


and 

Therefore 
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Q: 


'"ab‘ 


Also t)a=Q.OA: 


therefore 


BD.OA ^ OA CD 

■"■“AB AB=Bi3- 




= a>.CD, 

and since Vj,=oj,CB, Va is represented by CD to the same 
scale that CB represents v^,. 


a Hackworth Valve Gear. — ^The 
is shown diagrammatically in 


18. Valve Velocity in 
Hackworth valve gear 
Fig. 27, A link CM, rotating anticlockwise with uniform 
velocity about the fixed centre C, drives a link MN which 
is pivoted to a slider at N, the slider being constrained by 
guides to move in a straight line NL. The link MN drives 
a slider V through a link PV, the slider being constrained 
by guides to move in a straight line HV. The valve, which 
is not shown, has the same motion as the slider V. • 

Given that the linear velocity of the point M is 5 feet per 


second, it is required 


to find the velocity y 

1 

of the slider V wdien y/ 

\ V 

% 

% 

the configuration of 0 ^ 

\ 

V 

the mechanism is as 


shown. \ I 

P \ 

Method 1, — Velocity \ 

y 

Diagram, — The ve- n 

r / 

lo city diagram, showm , 

/ 

at (a), is constructed 1/ 

as loiiows. J^rom any 

FT 

pole 0 draw om paral- 

r 

lei to the direction of n 


motion of the point 

H-4-3 



M, that is perpen- 
dicular to CM, making 
the length om repre- 
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sent 5 feet per second to some convenient scale. The actual 
length of om is 0*75 inch, but on the original drawing from 
which Eig. 27 was prepared it was twice as long, and a much 
larger scale would give greater accuracy. Draw on parallel 
to NL, the direction of motion of N, and draw mn perpen- 
dicular to MN, meeting on at n^ then mn is the velocity 

n't) Nf jP 

image of MN. Divide mn at p so that This 

® ^ nm NM 

has been done by drawing a line ns at a convenient angle 

to nm, making 7is=|NM and nr=|NP, joining sm and 

drawing rp parallel to sm. Join op, then op represents the 

velocity of P. 

Pinally, draw ov parallel to VH and pv perpendicular to 
PV, meeting ov at v, then ov represents the velocity of the 
point V in direction and magnitude. By measurement 


(w=0*ll inch, therefore the velocity of V is 


5 


x0-ll=0-73 


foot per second, approximately. 


Method 2. — Instantaneous Dewim.—Produce CM to inter- 
sect at Oj a line drawn from N perpendicular to NL, then 
Oi is the instantaneous centre of the link MN. Join O^P, 
then P is moving perpendicular to OiP. Produce OiP to 
intersect at a line drawn from V perpendicular to HV, 
then O 2 is the instantaneous centre of the link PV. To 
some scale, OiM, O^P, and O^N represent the velocities of 
M, P, and N, respectively, and to some other scale, OgP 
and OjV represent the velocities of P and V, respectively, 
but it is unnecessary to know these scales to find the 
velocity of the slider V. 

V 

feet per second, and if the 


Velocity of V = 6 x x ’ 


OiM ■' O2P 

lengths OjP, etc., are measured, then the numerical value 
of the velocity of V may be calculated, but a graphical 
solution is given in the Fig. 

Draw Mm perpendicular to OiM and equal to 0-75 inch 
to represent the velocity of M— that is, 5 feet per second. 
As previously stated, a larger scale would give greater 
accuracy. Join O^m. With centre 0, and radius OjP 
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draw an arc PQ meeting O^M at Q, then draw Qq parallel 
to Mm and meeting OiW at q. Draw Pp perpendicular to 
OiP and equal to Qq, then Pp represents the velocity of P 
in direction and magnitude. 

Join Oap. With centre and radius OjV draw an arc 
VU meeting O^P at U, then draw XJ« parallel to Pp and 
meeting Ogp at u. The magnitude of the velocity of V is 
represented by Uw and its true direction is along VH. 
The proof will be left to the student. By measurement 

= inch, therefore the velocity of V is - — xO*ll 

= 0*73 foot per second, approximately, as before* If it 
happens that an instantaneous centre is off the paper and 
cannot be used, the difficulty may be overcome graphically. 
Suppose, for instance, the point Ox is inaccessible and the 
velocity of the point P is wanted. Along MOi mark off 
Mm' equal to Mm. Draw m'n' parallel to MN and meeting 

n'n' NP 

NOi at Divide m'n' at n' so that =:rr^ and join 
^ Ti'm' NM 

p'P. The construction for obtaining the point w’ould 

be similar to that shown by the dotted lines in the velocity 

diagram at (a). 

The velocities of P and M are proportional to their dis- 
tances from Oi, also, since m'n' is parallel to MN, 

OiP _ Pp' 

OiM'^Mm'’ 


therefore 


Velocity of P _0xP _ Pj?' 
Velocity of M OiM Mm' 


Therefore P^' is the magnitude of the velocity of P to 
the same scale that Mm' is the magnitude of the velocity 
of M. The direction of the velocity of P is perpendicular 
to P^?', clockwise about Oi, since M is moving clockwise 
about Ox. Similarly, to the same scale, Nn' is the magni- 
tude of the velocity of N and the direction is perpendicular 
to clockwise about Ox. 


19. Relative Instantaneous Centres of any Three Links in 
a Plane. — ^Let the thick lines A, B, and C (Fig. 28) represent 
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any three links which are in the same plane, and let O^bj 
Oboj Oao three instantaneous centres for 

relative motion between the links. For instance, when 
there is relative motion 
between A and B, then, for 
an instant, either link turns 
relative to the other about 
the point Oj^b- Similarly for 
B and 0 and for A and C. 

It will now be proved that 
the three instantaneous centres lie in one straight line. 

Since the links as drawn do not overlap, it may be helpful 
to imagine a separate piece of paper attached to each in 
order to overlap at the instantaneous centres as indicated 
in the Fig. 

As B moves relatiye to C, it turns for an instant about Obo^ 
and the point considered as a point on B, moves 
perpendicular to the straight line O^bOeo* Also, as A 
moves relative to C it turns for an instant about Oao> ^^^d 
the point considered as a point on A, moves perpen- 
dicular to the straight line O^qO^b- Now the relative 
motion between A and B is one of rotation about 0^, 
therefore this point can move only in one direction relative 
to 0, and since this direction is perpendicular to Oj^bObo 
and to O^oOabj follows that O^bObo OaoOab i^ust 
be in one straight line. Therefore the instantaneous 
centres Oao> O^bj and Ojjo lie in one straight line. 

Example . — Consider the mechanism known as a four-bar 
chain, consisting of four connected links and labelled, 1, 2, 
3, and 4 in Fig. 29. Any one 
of these links may be fixed, 
leaving the other three links 
free to move. 

The various instantaneous 
centres will now be determined. 

Relative motion between links 
1 and 2 can only occur by 
rotation about the point 
labelled Oig, ^nd this is the 
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instantaneous centre for link 1 relative to link 2 or vice versa. 
Similarly, the instantaneous centres O23, O34, and O44 are 
the points so indicated. Now, suppose link 1 is fixed, then 
the directions of motion of the end points of link 3 are 
known — that is, the point O 23 may move at right angles to 
link 2 and the point O 34 may move at right angles to link 4, 
therefore O 13 is at the intersection of links 2 and 4 produced, 
and the link 3 may turn for an instant about the instan- 
taneous centre O 13 . The same point would be arrived at 
if link 3 were supposed fixed and the motion of link 1 
were considered. The point O 24 is obtained in a similar 
manner. 

Now consider any three of the four links and it will be 
seen that their instantaneous centres lie in a straight line. 
For instance, the instantaneous centres of the links 1 , 2 , 
and 3 lie in the straight line O 12 O 23 O 13 . 

20. Centrodes. — As defined in Art. 15, a centrode is the 
locus of an instantaneous centre. It will now be demon- 
strated that if any two links of a mechanism move in one 
plane then their relative motion may be produced by 
rolling together two centrodes fixed to the links. 

Let AiBj, A 2 B 2 , A 3 B 3 , and A 4 B 4 be four positions of a 



moving link AB (Pig. 30) relative to a link CD which will 
be taken as fixed, and let the points A and B be moving in 
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the directions shown by the arrows when AB is in each of 
its four positions. 

Draw AjOi and BjOi perpendicular to the directions of 
motion of A^ and B^, respectively, then the point Oj at the 
intersection of AiOi and B^Oi is the instantaneous centre 
for the position AiB^. The instantaneous centres O2, Og, 
and O4 are found in a similar way. Now draw a smooth 
curve through these points. If a great many positions of 
the moving link were considered, then the curve could be 
drawn fairly accurately. This curve is the locus of the 
instantaneous centre of the moving link, therefore it is a 
centrode and since it is fixed relative to the fixed link CD 
it may be called the fixed centrode. 

Suppose now that the moving link AB had a piece of 
tracing paper attached to it when in its first position. The 
instantaneous centres could be marked on the tracing 
paper as it moved with the link and a centrode could be 
drawn through these points. This centrode may be called 
the moving centrode. 

The moving centrode can be drawn in one or more 
positions without using the tracing paper. Eor instance, 
for the position when AB is at A4B4, begin by drawing the 
triangle A4B40i equal to the triangle AiBiOi. It is clear 
that if the moving link returns to its first position, taking 
the triangle A4B40j[ with it, then the point 0^ woxild 
coincide with the point Oi. By drawing two more triangles 
(not shown in the Fig.) the points Og and O3 can be found, 
then a smooth curve through the points O^, Og, O3, and O4 
gives one position of the moving centrode. 

Every point on the moving centrode is in turn' coincident 
with a point on the fixed centrode, and the moving huir 
turns for an instant about each of these coincident points. 
Therefore the moving centrode roUs on the fixed centrode, 
and the relative motion between AB and CD may be 
obtained by rolling the one curve on the other. 

The same relative motion between the two links is 
obtained if the link AB and the centrode OiOg'Os'Oi are 
fixed and the centrode O1O2O3O4 is allowed to roll taking 
with it the link CD. 
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The student is advised to draw his own figure to a large 
scale, then to obtain the moving centrode on a sheet of 
tracing paper and roll one centrode on the other. It is 
worth doing. 

21. Centrodes for Double Slider Mechanism. — The link 
AB (Eig. 31) is pivoted at its ends to sliders which are 
constrained so that they 
can move along fixed 
straight lines DD' and EE' 
intersecting at 0. It is 
required to find the cen- 
trodes for the relative 
motion between the link 
AB and the straight lines 
DD' and EE' which will 
be designated simply as 
the link DOE. 

Draw AO perpendicular 
to CD, and BO perpen- 
dicular to CE, letting AO 
and BO intersect at O, then O is the instantaneous centre 
for the link AB when it is in the position shown. 

Now suppose the link AB to be fixed and the link DOE 
to be free, in order to find how the point 0 moves relative 
to AB. Since the angles CAO and CBO are right angles 
and since the angle ACB is constant and the length AB is 
constant, therefore the points C, A, 0, and B lie on a circle 
and the locus of O is a circle drawn with CO as a diameter. 

To find how the point O moves relative to the link DCE, 
fix DCE and let AB be free to move. Since CO is of 
constant length, the locus of O is a circle drawm with its 
centre at C and with radius equal to CO. 

The length CO may be expressed in terms of AB 
and the angle ACB. Since CAOB is a cyclic quadri- 
lateral, the angle COB is equal to the angle CAB, 
therefore 

CB CB AB 
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The motion of the link AB relative to the link DCE may- 
be obtained by fixing it to the circle CAOB and rolling this 
circle, without slipping, on the inside of the fixed circle 
DOEO'. The moving link AB is shown in another position 
at A'B'. 

Exercises II 


L The points A and B (Pig. 32) are moving in the directions 
shown. The speed of A is 20 feet per second and the speed of B 
is 40 feet per second. Find the velocity of B relative to A. 

2. If in the preceding exercise the given velocity of B is the 
velocity of B relative to A, find the true velocity of B. 



3. In the slider-crank mechanism (Fig. 33) AB = 4 feet, 
BC = 1 foot, and the velocity of the crank pin B is 10 feet per 
second. Find the velocity of the slider A when the cranlc 
angle 6 has the values 30°, 45°, 60°, and 90°. 

4. State the position of the instantaneous centre of the 
connecting-rod AB (Fig. 33), (a) when 0=0°, (6) when 0 = 90°. 

5. The line of stroke of a piston A (Fig. 34) is offset a perpen- 
dicular distance of | inch from the 
centre 0 of the crankshaft. The 
crank CB is rotating clockwise at 
1500 revolutions per minute, CB =2| 
inches, and AB = 11 inches. Find 
the velocity of the piston A in feet 
per second when the angle BOB = 105°, DC being parallel to the 
line of stroke. 

6. In the preceding exercise, assume that the outside diameters 
of the crankshaft journal and the crank pin B are 2 inches and 
If inches, respectively. Find the rubbing speed, in feet per 
second, of each journal when the crank is in the given position. 

7. (a) A locomotive driving wheel rolls along a rail without 
slipping. Where is the instantaneous centre and what is the 
velocity of the top point of the wheel if the middle point is 
moving at 80 feet per second ? 

(b) The wheel turns and slips on the rail when the locomotive 
is at rest. Where is the instantaneous centre of the wheel ? 

(c) The wheel is 6 feet in diameter and a point on the rim has 
a velocity of 12 feet per second relative to the locomotive, which 


B 



Fig. 34. 
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is moving at 5 feet per second. Where is the instantaneous 
centre of the wheel, what is the sliding velocity of the bottom 
point, and what is the velocity of the top point ? 

{d) Using the instantaneous centre, find the velocity of the 
foremost point of the wheel when the latter is moving as described 
in (c). 

8. A water turbine blade is shown in Fig. 35. The edge A is 
moving at 50 feet per second in the 
direction Aa, and the edge B is moving 
at 58 feet per second in the direction 
B6. The tangent to the blade at A 
makes an angle ^ with and the 
tangent at B makes an angle of 15'^ 
with B5. Water enters at A without 
shock and with a velocity of 100 feet 
per second, inclined at 20° to Aa, as 
shown, and leaves at B with a velocity 
V inclined at an angle 6 to B6. The 
velocity of the water relative to the Pig. 35 . 

blade is the same at B as at A. 

Find {a) the angle {b) the velocity of the water relative to 
the blade, (c) the velocity ??, and {d) the angle 0. 



9. Fig. 36 shows the 
mechanism of the Robinson 
Air Engine. The crank 00 ^ 
is 2| inches long. Connecting- t 
rod PC is 12 inches long. ~ ’ 
BC = 5 inches, O'B = 12 i 
inches, BE =4 inches, EF== ^ 
6 1 inches. 

Draw the velocity diagram 
for the mechanism when the 
crank angle 0 = 30° and the 
crank 00 rotates at 180 
revolutions per minute. 
State the velocities of the 



„L j. 

o 


two pistons in feet per Fig. 36. 

second. [U.L.] 

10. The link AD of the four-bar chain ABCD (Fig. 37) is fixed 


and the link AB is rotating clockwise 
at 20 revolutions per minute. The 
lengths of the links are as indicated. 
For the configuration shown, where 
the angle BAD = 135°, find the 
angular velocity in radians per 
second of BC and of CD, the 


C 



Fig. 37. 
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velocity of the point G, and the velocity of the middle point 
of BO- , . 

11, In the mechanism shown in Fig. 38 the crank BC is 
connected by links to three crossheads A, F, and H. The line 
of stroke of A passes through the 
centre C, and F and H move parallel 
to AC. If BC is rotating clockwise 
at 150 revolutions per minute, find 
the velocities of A, F, and H when 
the angle ACB is 120° as shown. 

The dimensions are as follows : 

BG «= 8 inches, AB « 28 inches, 

BE = 31 inches, AE « 13 inches, 

DE««26 inches and is one straight 
link, DF«8-5 inches, and BH = 8'1 
inches. The lines of stroke of F 
and H are at perpendicular distances 
of 13*6 inches from the line AC. 

12# Referring to the diagram of 
the Hackworth valve gear (Fig. 27), 
find the velocity of the slider V when 
the angle HCM is 90° and the point 
M has a velocity of 4 feet per second. 

The other particulars are to be taken as follows : VH is perpen- 
dicular to CH and CH = 14 inches, NL is inclined at 45° to CH 
and intersects CH produced at 33 inches from G, CM — 3 inches, 
MN «= 33i inches, MP = 15 inches, and PV = 30 inches. 

13, Fig. 39 is a diagram of the mechanism of a valve gear for 
a certain setting, the lengths of the links which are not given in 




the figure being as follows: VH=4 inches, YK=22 inches, 
PQ =8 inches, ED =^17 inches, EC =20 inches. 

The cranks OA and OB rotate together, being 90° apart, and 
the velocity of the main crank-pin A is 30 feet per second. Draw 
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a velocity diagram and determine tlie velocity of the valve 
spindle when the crank angle AOP is 150"^. (Scales — Draw the 
mechanism ^th full size; 1 inch =5 feet per second.) [C.U.] 

14. Four links AB, AC, BD, and DC are such that AB = DC 
and AC = BD. They are jointed at A, B, 0, and D in such a 
way that the links AC and BD cross each other. Prove that the 
relative motion of AB and CD is the same as that obtained by 
the rolling of two equal ellipses on one another with foci A and B 
and C and D, respectively. 

Further, show that if the ellipses are free to rotate about A 
and C, respectively, and one is given a uniform angular velocity, 
the fractional fluctuation of speed of the other is given by 

j^^wlierea = ~- [C.U.] 



CHAPTER III 

ANALYSIS OF VELOCITY AND ACCELERATION 

22. An Application of Differentiation and Integration. — 
Denoting displacement by s and time by t, then velocity, 
or the rate of change of displacement, is given in magnitude 
by 

ds 


the direction being the same as the direction of motion. 

It is understood that the direction of motion is known 
whenever the term velocity is used. If the direction is 
unknown, then, strictly speaking, the term speed should 
be used, because velocity involves direction as w^ell as 
magnitude. 

Acceleration or the rate of change of velocity, in the 
direction of motion, is given by 

dv d^s 
^~dt 

It will be seen later (Arts. 28 and 29) that when the motion 
is along a curve there is an acceleration perpendicular to 
the direction of motion. 

If displacement is completely defined by one or more 
expressions, then the velocity and acceleration may be 
obtained by differentiation. Conversely, the velocity and 
displacement may be found from the acceleration by the 
process of integration. 

Example 1. — The displacement 5 of a body along a straight 
line is given by the relation It is required to 

find expressions for the velocity and the acceleration. 
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and 


, ds ^ 

velocity v = — = 8t, 

(tt 

dv d^8 

acceleration /= — = —= 8. 


If s is measured in feet and t in seconds, then the velocity 
is in feet per second and the acceleration is in feet per 
second per second. 

Example 2. — The acceleration of a body having recti- 
linear motion is 8 ft. /sec. It is required to find the 
velocity and the displacement in terms of time t, given 
that the velocity is 16 ft./sec. when ^ = 2 sec, and that the 
displacement is zero when i = l-5 sec. 

Since ^ = 8. 

ds . 

integrating, = y = 8j5 4* A, 


where A is an arbitrary constant or constant of integration. 

Now t; = 16 when and substitution in the velocity 
equation gives 

16 = 8x2 + A, from which A = 0, 

therefore 


where t is in sec. and v is in ft./sec. 

Integrating again, 8 = 41^ + B, 

where B is a constant of integration. 

Now 5 = 0 when ^ = 1*5 and substitution in the displace- 
ment equation gives 

0=4xl‘52+B, from which B=-9, 

therefore 8 = 4i^ - 9, 

where t is in sec. and 5 is in ft. 

It should be noticed that the two integrations produce 

0 
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two arbitrary constants and that these constants cannot 
be evaluated unless two conditions are known. In this 
example the known conditions are the velocity and the 
displacement at certain times. 


23. Alternative Expressions for Acceleration. — In the 
preceding Art. acceleration has been written as 


Now 


so that 


dt^ dt 

dv __dv ds ^ di) 
dt ds dt ds^ 


f=v 


dv 

ds 


( 1 ). 


( 2 ), 


is another way of expressing acceleration. 

In (1) the independent variable is time t, and in (2) it is 
displacement s. 

Separating the variables and integrating between appro- 
priate Hmits, say Zi, and s^^ then from (1) 

1 = fdt, 


and from (2), 



Both these forms are used in the next Art. 


24. Uniform Acceleration — Formulae. — Suppose that a 
body moving in a straight line with uniform acceleration / 
has an initial velocity u and that at time t the displacement 
is s and the velocity is both t and s being zero when 
It is required to find the relations between /, v, u, 


t, and s. 

, dv 

Since 

therefore 

[dv=^^fdt. 
Ju *^0 
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Integrating, 

V-U =:ft, 



or 

Since 

dv dv ds dv 
^ dt ds di ^ds^ 

m m 

(!)• 

therefore 

Vvdv^l'fds, 




Jo 



Integrating, 





=/s, 



or 

v^=:u^-h2fa 


(2). 


From (1) and (2), eliminating/, 

s = l{%+v)t . * . (3). 

From (1) and (3), or from (1) and (2), eliminating v, 

s=^ut + ^ft^ . . . (4). 

If the initial velocity u is zero, then equations (1), (2), 
(3), and (4) become 

v~ft, v^ = 2fs, s = lvt, and a = . (5), 

respectively. 

Similar formulse may be obtained for uniformly acceler- 
ated rotary motion. 

Example , — A vehicle travels from A to B, a distance 
of 400 yards. Starting from rest at A, the vehicle is 
uniformly accelerated for 16 seconds to a speed of 24 miles 
per hour. It travels at this speed until it is 64 yards 
from B, then it is uniformly retarded and brought to rest 
at B. It is required to find the time taken to travel from 
A to B, the acceleration and the retardation. 

Foot and second units will be used. The uniform speed 
is = 24 X ff = 35-2 ft. /sec. Let tz, and be the times of 
acceleration, uniform speed, and retardation respectively, 
and let and be the corresponding distances. Also 

let /i be the acceleration and /g the retardation. 
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The velocity-time graph for the journey is shown in 



Fig. 40, the shaded areas representing the distances as 
indicated. 

^1 = 16 sec. Si = ^ti = l X 35-2 x 16=281-6 feet. 

Since Si-t-S 2 -l-S 3 = 400x3 = 1200 feet 
and 53 = 64 X 3 = 192 feet, therefore 

52 = 1200 - 51-53 = 1200 -281-6 - 192 = 726-4 feet. 


Now s«=vtz, therefore U = — = 


52 726-4 


V 


35-2 


= 20-64 sec. 


Also 53 = \vt^, therefore ^3 = 


25, 2 X 192 


= 10-91 sec. 


V 35-2 

Total time is ^i -f-fa -f ^3 = 16 -f-20-64 - 1 - 10-91 =47-55 see. 
Acceleration A =7 = -~ =2-20 ft./sec.®. 

fi 16 

V 35-2 

Retardation fz=j ft./sec.®. 

tg J.U* y i 

25. Resultant Velocity and Resultant Acceleration. — If 
at time t a particle P has displacements x and y (Fig. 41) 
measured parallel to mutually perpendicular 
axes OX and OY respectively, then its 
velocities are 

X and y, 

using the fluxional notation to save space ^ 

(see Art. 6 , p. 6 ). 

The accelerations of P are 

X and y. 


Fig. 41. 


VELOCITY AND ACCELERATION 37 


The resultant velocity at time t is (Fig. 42) 


in a direction making an angle 
(j> with the X axis, and 

tan <j>=ylx. 

The resultant acceleration at 
time t is (Fig. 43) 



X 


Fig. 42. 





in a direction making an angle ^fs with the x axis, and 


tan ijj = yjx. 

It is to he noted that the resultant acceleration cannot, 
in general, be obtained by differentiating the resultant 
velocity. 

Example 1. — A particle P (Pig. 44) is moving in a 
circular path of radius OP=:r -with uniform speed v. It is 
required to investigate the motion and 
to find the acceleration of the particle 
by considering the x and y components 
of the displacement. 

In Art. 28, p. 47, it is shown by using 
vectors that the acceleration is v^/r or 
cuV, where co is the angular velocity of 
the radius OP, and the direction of the 
acceleration is along the radius OP from 
P towards 0. This result is now to be found analytically. 
The vector method is very much simpler in this case, but 
the analytical method is instructive. 

Let OP make an angle d with OX at time t, then from 
the Fig. it can be seen that 

X =r cos 0, y^r sin 0. 



_ dx dx d 6 


dx dn 

- j-d and similarly y = therefore, 
da da 


differentiating with respect to t, the velocities are 
X — -r sin 0 0, y —r cos 0 0. 


38 ENGINEERING MECHANICS 

Differentiating again with respect to the accelerations 
are 

X — -r cos 6 6^, y= - r sin 9 9^. 


The resultant velocity is 

sin^ 6 d^ + r^ cos^ 0 d^^=r9:=::rco^v, 


which is obviously correct. 

If the direction of this velocity is inclined at an angle ^ 
to the axis OX, then 


tan <f> 


i 

X 


r cos 9 9 
-r sin 6 9 


- cot 9, 


and a little consideration wiU show that this direction is 
perpendicular to the radius OP. 

The resultant acceleration is 


= (r® cos^ 9 9^-^r^ sin^ 9 9^)^ =^r9^ :=:ra}^ 


If the direction of this acceleration is inclined at an 
angle tp to the axis OX, then 


tan 



- r sin 0 9^ 

- r cos 9 9^ 


=tan 9, 


from which ^ = 0 or 0 + 180°, Since the two components 
of the acceleration are negative, the second of these angles 
is the one required. Therefore the resultant acceleration 
of P is along the radius OP and is directed from P towards 0. 

It is evident that differentiating the resultant velocity v 
would not produce the resultant acceleration; it would 
merely show that the component of the acceleration in the 
direction of the resultant velocity is .zero. 

Example 2. — The x and y components of the displace- 
ment of a body at time t are given by 

a;=2i{2_p3 4 ^ 2 - 2 , 

using foot and second units. It is required to find the 
resultant velocity and resultant acceleration when t = 5 
seconds. 
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Since a: = 2<2 + 3 and y=f -W‘‘ -2, 

therefore x = U, y = - 8^, 

and x = 4, y-=(yt-8. 

When « = 5, « = 4 X 5=20 and y = 3 x 5® - 8 x 5 = 35. 

Resultant velocity is {x^ + y^)i = (20® + 35®)i = 40-31 ft./sec. 
If <f> is the angle the direction of this velocity makes with 
the X axis, 

tan ^=-||- = l-75 and ^ = 60° 15'. 

Wheni = 6, a: = 4 and y = 0x5-8 = 22. 


Resultant acceleration is (a;* + y2)i = (4® + 22®)l = 22-36 
ft./sec.®. If tp is the angle the direction of this acceleration 
makes with the x axis, 

tani/t=^ = 5-5 and i(i = 79° i2'. 

26. Motion of a Projectile.— A shell is fired from a gun 
with an initial velocity -u and at an angle a to the horizontal 
(Eig. 45). Neglecting air resist- 
ance, it is required to find the 
time of flight T, the range R, 
the greatest height H, and the 
equation of the trajectory. 

The horizontal velocity is con- 
stant and, due to gravity, there is a downward accelera- 
tion g, or, taking the upward direction as positive, the 
acceleration is -g. The axes are OX and OY as shown. 

Resolving the initial velocity horizontally and vertically, 
the components are u cos a and u sin a. 

Since the horizontal velocity is constant, the horizontal 
distance travelled in time t is 



Since 

integration gives 


x=ut cos a 


dt 


-gf + A, 


( 1 )- 


where A is a constant of integration. 
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When ^ = 0, 
and 


dy 

-7- sm a, 
dt 


therefore A = ^ sin a, 


dy 

~"=u sin a - 
dt 


gt. 


Integrating, the vertical distance travelled in time t is 
y=^ut sin a ~ + B, 

where B is a constant of integration. 

When if = 0, y = 0, therefore B = 0, and 

y— ut sin a- . . • (2). 


When the ^hell strikes the ground, y=:0^ therefore the 
time of flight T is obtained by putting ^^ = 0 in (2) and 
solving for L 

Therefore t{u sin a ~ ^t) = 0, 


from which 


t=:0 


2u sin a 
or t — 

g 


When ^ = 0, the shell is in the gun and the second value is 
the one required, therefore 

T = . . . (3). 

if 

Substituting this value of i in (1) gives the range a:=R, 
that is 


_ 2u sin a sin 2a 

ii=u cos a = 


( 4 ). 


9 9 

The greatest height H is the value of y in (2) when 

that is 
9 

M sin a . , sin® a sin® a , , 

^ = — ^ • (6). 

The equation of the trajectory is found by eliminating t 
from (1) and (2), then 

gx^ 


y—x tan a „ 

2u^ cos^ a 

which is the equation of a parabola. 


( 6 ). 
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27. Expressions for the Approximate Velocity and 
Acceleration in the Slider- Crank Mechanism. — Let r be 
the length of the crank ^ 

CB (Fig. 46), I the length 

of the connecting-rod AB, \ 

and CO the uniform angular 1”‘ '^t ] 

velocity of the crank. At — Ur m / 

time t let x be the dis- 
placement of the slider A 

from the beginning of its stroke, and let 6 and ^ be the 
angles turned through by the crank and connecting-rod 
respectively. 

Displacement a; = Z + r - Z cos (j>-r cos 0. 


Fig. 46. 


Z sin ^ =r sin 6 or sin ^ sin 9 


cos i^ = (l -sin® 9 &)i = (^l - — sin® 6 


= 1 - ~ sin® 0, approximately, 

expanding by the binomial theorem and neglecting all 
terms after the second. This approximation gives sufficient 
accuracy for the usual values of rjl which occur in practice. 


Therefore a; = Z4-r~Z 1 


sin^ 9} - r cos 6 


Velocity v = 


:r(l - cos 9) + -- sin^ 9. 
dx dx dd 


dt dd dt 


sin 9 + -;~2 sin 9 cos 6} — 
\ 21 \ dt 


= cur|i 


sin 0 + - sin 29 K 


where 



42 


ENGINEERING MECHANICS 


d?x dv dv dd 

Acceleration = J, 

= £ur|eos ^ + ^2 cos 28 
f r 

= a>V<cos 0+^ COS 20 

Expressions for the exact acceleration are given in Ex. 22 
and Ex. 23, p. 45. 

Since the acceleration is the rate of change of the 
velocity, the former is zero when the latter is a maximum, 
for the slope of the velocity -time curve is then zero. The 
student is asked to plot a velocity-time curve in Ex. 18, 
p. 44, and an acceleration-time curve in Ex. 19, p. 44. 

The method of determining the velocity of the slider by a 
velocity diagram was explained in Art. 17, p. 19, and the 
acceleration diagram is dealt with in Art. 32, p. 50, 

Exercises III 

TaJce g ~ 32*2 ft./sec,^ 

1. If a body moves along a straight line according to the law 
X = if® -2^2 +7, using foot and second units, find the velocity and 
the acceleration when t = 5 sec. 

2. Given that the acceleration of a body moving along a 
straight Hne is 0*8 ft./sec.^ that the velocity is 15 ft./sec. when 
^ = 9 sec., and that the displacement is 14 ft. when ^ = 0, find the 
velocity and displacement when sec. 

3. The equation aj=sin 3^ -4 cos 3^ gives displacement x in 
feet at time t in seconds. Eind the lowest positive value of 
the time when the velocity is zero and then find the value of 
the acceleration at that time. 

4. Two trains whose lengths are 106 and 120 feet, moving in 

opposite directions along parallel fines, meet when their velocities 
are 30 and 45 miles per hour respectively. At this instant the 
former has an acceleration of 2 feet per sec. per sec. and the latter 
of 1 foot per sec. per sec. Prove that they will 
pass each other in two seconds. [C.U.] 

5. A particle has an initial velocity u==50 

ft./sec. along an axis OX and an acceleration 
/=4 ft./sec.^ m a direction inclined at 30® to 
OX (Fig. 47). Find the direction of motion 47. 



} dt 
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and the distance of the particle from O when 10 sec^onds has 
elapsed, 

6. Two motor cyclists A and B are travelling towards towns 

C and D along straight roads 00 and OD, the angle COD being 
60°. At noon, A passes 0 at 10 miles per hour and has a constant 
acceleration of 4 miles per hour per minute, and B passes O at 
noon (just escaping a collision) at 20 miles per hour, and has a 
constant acceleration of 2 miles per liour per minute. Find the 
time when their distances from 0 are equal, and show (1) that 
the velocity of A relative to B is then4o'8 . . . miles per hour, and 
(2) that the distance between A and B is then increasing at the 
rate of 45 miles per hour. [C.U.] 

7. A tramcar, starting from rest, is uniformly accelerated for 
16 seconds to a speed of 30 miles per hour which is maintained 
for a distance of 280 yards, then it is uniformly retarded until it 
is brought to rest at a distance of 500 yards from the starting- 
point. Find the values of the acceleration, the retardation, and 
the total time for the journey. 

8. A train starting from rest has an acceleration / feet per 

second per second, where ~ 60)^, and t is the time in 
seconds. Find, graphically or analytically, the velocity attained 
and the distance passed over in the first minute. [C.U.] 

9. The acceleration of a vehicle, starting from rest, is given 
by /== 1‘65 - 0*0052^ in foot and second units. Find the velocity 
when s = 125 feet and when s *=250 feet. 

10. A train passes three consecutive mile posts A, B, and C. 
The time taken to travel from A to B is 80 seconds and from 
B to C is 56 seconds. Assuming that the acceleration is uniform, 
find the speeds at A and C in miles per hour and the acceleration 
in feet per second per second. 

11. If an aeroplane travels a distance r in a steady wind along 
a course making an acute angle d with the direction from which 
the wind blows, and returns to its starting-point, the speed of 
the plane in still air being u miles per hour, and the wind- velocity 
being v miles per hour, show that it must be steered in directions 
making equal angles a on either side of its course, where u sin a 
~v sin 0. 

Show also that if hi h are the times of going and returning 
respectively, 

(i) r(q + /g) = a ; 

(n) r(^j^ — ^ 2 ) ~ ^^^2 cos 0 ^ 

(iii) [U.L.] 

12. A train moving with constant acceleration is found to 
cover two consecutive distances of 200 yards in 10 and 9 seconds 
respectively. Determine the acceleration of the train, and find 
its velocity at the end of the first of these distances. 
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13. A shell is fired from a gun with an initial velocity of 1000 
feet per second and at an angle of 30° to the horizontal. 
Neglecting air resistance, find the time of flight, the range, and 
the greatest height of the sheU, assuming it strikes the ground 
at a point which is on the same level as the gun. 

14. Find the time of flight in the preceding exercise if the 
point of impact is 250 feet lower than the level of the gun. 
Also, find the distance of the gun from the vertical line through 
the point of impact. 

15. A particle is projected with a velocity of 120 feet per 

second and just clears a vertical wall 25 feet higher than the 
point of projection and at a distance of 300 feet from that point. 
Find the two possible angles of projection and the corresponding 
distances, beyond the wall, where the particle hits the ground 
at the same level as the point of projection. [C.U.] 

16. A projectile has an initial velocity u at an angle of elevation 
a. Neglecting air resistance, show that the horizontal range R 
is a maximum when a = 45°, that Rmax=^V{7> and that the 
corresponding maximum height is JRmax* 

Find the time of flight of a ball which is thrown, at an angle of 
elevation of 45°, a horizontal distance of 50 yards. 

17. If a projectile fired from the ground level just clears an 
obstacle of height 6 at a horizontal distance a, and reaches the 
ground again at distance c from its starting-point, prove that 

be 

the angle of projection is tan“^ 

From this formula, or otherwise, verify the following con- 
struction: If A is the starting-point, B the top of the obstacle, 
and C the farthest point, draw CB and produce it to cut the 
vertical through A at I), draw DE horizontal to cut the vertical 
through B at E : then AE is the direction of projection [U.L.] 

18. The displacement of a piston from the beginning of its 
stroke is given approximately by 

a: = 0*230(1 - cos +0*026 sin^ 

where x is in feet and the time t is in seconds. 

Show that this equation may be written as 

a: =0*243 -0*230 cos mirt -0*013 cos IOOtt^, 

then, by differentiating either form, obtain an equation for the 
velocity of the piston. 

Find the velocity when t has the values 0, and 

•bV second, then, plotting these results, sketch the velocity- time 
graph. 

19. If the velocity of the piston in the preceding exercise is 

dx 

^- = 11-507T sin 5077^ + 1*377 sin 10077^, 
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find tlie acceleration when t has the values 0, 1 : 00 > 

tV second, and plot the acceleration-time curve. 

20. Given that the velocity of a piston is approximately 


= or|sin 6 + sin 26 


}• 


where co is the uniform angular velocity of the crank, Q is the 
crank angle, and r and I are respectively the lengths of the crank 
and connecting-rod, find to the nearest degree the first value of 6 
when z; is a maximum, taking I == 5r. 

21. In the slider-crank mechanism, Fig. 46, p. 41, i!! sin ^ 

do 

= rsin0. Assuming that or co, the angular velocity of the 

crank, is uniform, show by differentiation that the angular 
velocity and the angular acceleration of the connecting-rod are 
respectively 

d(j) _ COT cos 6 


and 


dt 

df" 




sin^ 6 )^^ 
-P) sin 6 


(P sih^ 0)^ 


22. Given that ther* displacement of a piston from the beginning 
of its stroke is v 

x = l-\-T cos 0, 


where n=-llr, show that an exact expression for the acceleration is 


d^x 

dP 




sin^ 20 


r-f *■ 


COS 20 


4* cos 0 


14(71^ ~ sin^ {tP - sin^ 0)^ 
dO 

where the angular velocity is uniform. 

Then show that when the acceleration is zero 

sin® 0 -'nP sin^ 0 -tP sin® ^ 4 77 ^ = 0.* 




23. For a direct acting engine CP is the crank, PD the 
connecting-rod, and the angles PCD and PDO are 0 and ^ re- 
spectively. If the crank rotates with a uniform angular velocity 
CO, prove that the acceleration of D is given by the expression 

aPr 

X 

where Tc is the ratio of CP to PD and r is the length CP. Show 

* See D. A. Low’s Applied Mechanics, p. 304, for roots of this equation 
for various values of n. 


’J cos ^ 4 ^ cos 6 ' 


1-A:® 
cos® <f> 


}. 
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that a close approximation to the acceleration of D is given 

by 

a)®r|cos ^ 20 - ^ cos 40 j-. [C.U.] 

24. Fig. 48 shows a mechanism used for giving an intermittent 
motion to the film in a projection apparatus. A pin C, fixed to 
a wheel, rotating about an axis A with uniform angular velocity 
o)i engages with a slotted piece which rotates about an axis B. 
The slots are at right angles to one another and the ratio of AB 
to AC is V2, Show that during the motion of the slotted piece 

its angular velocity is given by ^ ^ co, where 6 is the 

• 3-2V2cosi9 

angle CAB. 

Find similar expressions for the velocity of sliding of the pin 
in a slot, and the angular acceleration of the slotted piece. [C.U,] 



Fig. 48. 



25. During the operation of a cam mechanism a point P moves 
along a short circular arc AB (Fig. 49) whose equation is 
It is arranged that the velocity in the direction 
parallel to the axis OY is constant and equal to V. Show that 
acceleration in the direction parallel to the axis OX is ~ 
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28. Radial Acceleration of a Point Moving in a Circular 
Path. — Let P and Q (Fig. 50) be two positions near together 
of a point moving with a velocity v of 
constant magnitude, in a circular path 
with centre C and of radius r, and let 
be the time taken to move from 
Pto Q. 

Since at any instant the direction 
of the velocity is tangential to the 
circle, by drawing the velocity tri- 
angle cpq it can be seen that in pass- 
ing from P to Q the moving point has its velocity changed 
by an amount pq, due to the change in the direction from 
cp to cq. Let this change of velocity be denoted by Su* 

If Q is very near to P, the arc PQ may be regarded as a 
straight line and then CPQ and cpq are similar triangles 
with cp, cq, and pq perpendicular to CP, CQ, and PQ, 
respectively. 

jpy^PQ Si^^PQ 

cp CP V r ’ 

Su vSt Su 


Therefore 


approximately, but 


PQ =:vSt, therefore 


or 




approximately. 


The nearer Q is to P the more nearly exact does this 
approximation become. If is made to approach zero, 

3‘M' 

Q becomes indefinitely near to P and — approaches the 

value — which will be the acceleration of the point P. 
at 

This acceleration acts along the radius towards C the centre 

47 
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of the circle and is called the centripetal acceleration of the 
point P. 

Therefore the centripetal acceleration is 


where oy—vjr is the angular velocity of the radius OP. 

29. Radial Acceleration of a Point Moving in any Curved 
Path. — The arguments of the preceding Art. may he 
applied to a point P moving with a velocity v of constant 
magnitude along any curved path, by taking the point 0 
(Fig. 50) as the centre of curvature of the curve at the 
point P. Then CP=r is the radius of curvature of the 
curve at the point P. The length CQ is not equal to r, but 
approaches this value as Q approaches P, therefore CPQ 
and cpq may be regarded as similar triangles and the proof 
continued as before. 

The centripetal acceleration of the point P is v'^jr, where 
V is its velocity along the curve and r is the radius of 
curvature of the curve at the point P. The formula is also 
true when the magnitude of the velocity is varying. 


30. Resultant Acceleration of a Point on a Body Rotating 
with Varying Velocity. — ^Let A and B (Fig. 51) be points on 
a rigid body moving with plane 
motion so that the line AB rotates 
in the plane of the paper with vary- 
ing angular velocity co about the 
point A, which is fixed, and let the 
length AB be r. 

At any instant the velocity of 
the point B is car along the tangent 
to the path of B — that is, perpendicular to AB. 

The angular acceleration of AB is ^ which will be 

at 
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written as d>, and the acceleration of B perpendicular to 
AB is (hr. The sense of the acceleration wr is the same as 
the sense of the velocity wr if this velocity is increasing. 
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The acceleration of B along BA is coV. Drawing the 
acceleration diagram for the point B and denoting the 
resultant acceleration of B by the symbol /, then it can 
be seen that 

and this resultant acts in a direction inclined to BA at an 
angle where ?/r=tan~^ (ca/co^). 

A velocity is always in the direction of motion, but a 
resultant acceleration cannot be continually in the direction 
of motion unless the motion is in a straight line. 

31. Accelerations of Points on a Rigid Body — Acceleration 
Image. — Suppose the accelerations of two points A and B 
(Fig. 52) on a rigid body having plane motion are known, 
and let them be fa and /j, 
respectively, the directions 
being as shown. The points 
A and B are assumed to be 
in the plane of the paper, 
which is a plane of motion. 

In constructing a velocity 
diagram a pole o was used, 
and a vector oa represented 
the velocity of a point A. 

In an acceleration diagram the pole will be designated o', 
and a vector o'a' will be used to represent the acceleration 
of a point A. 

Therefore, from a convenient pole o' mark off o'a' and 
o'6' to represent the given accelerations in direction and 
magnitude. Join a'6', then a'6' represents the acceleration 
of B relative to A, and b'a' represents the acceleration of A 
relative to B. ' 

The vector equation is 

o'a' = o'6'+6V. 



In words — 


Acceleration of A = Acceleration of B 

+ Acceleration of A relative to B. 

I) 
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To find the acceleration of any other point C on the body 
and in the plane of the paper, join AC and BC and draw 
the triangle a^b'c' similar to the triangle ABC. Join o'c', 
then o'c' represents the acceleration of C. The triangle 
a'6'c' is called the acceleration image of the triangle ABC, or 
the line a'6' is the acceleration image of the line AB. 

In practice the work is not so easy as in the foregoing 
description, since it is unnsnal for both /« and to be 
known completely. Suppose /& is known in magnitude and 
direction, but /<, is known only in direction and it is required 
to find its magnitude. The length and direction of o'b' is 
known as before and the direction o'u' is known, but the 
length of o'a' is unknown. The point a* is found by con- 
sidering the acceleration of A relative to B. An example 
is given in the next Art. 

32. Accelerations in the Slider-Crank Mechanism. — The 
crank CB (Fig. 53) 
rotates with constant 
angular velocity co and it 
is required to find the 
acceleration of the slider 
A and the angular ac- 
celeration of the con- 
necting-rod AB when the 
mechanism is in the 
given position. (The analytical determination of the 
acceleration of the slider has been given in Art. 27.) 

Let.n be the angular velocity of the connecting-rod AB. 
Produce AB to intersect at D a fine drawn from C perpen- 

BD 

dicular to AC, then, as shown in Art. 17, £1 

AB 

To find the acceleration of the shder A, the acceleration 
diagram is drawn with the help of the vector equation — 

Acceleration of A = Acceleration of B 

+ Acceleration of A relative to B. 

From a converdent pole o’ draw o'V parallel to BC to 
represent, to a suitable scale, co^BC the acceleration of B. 
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The acceleration of A relative to B consists of two com- 
ponents, one along AB towards B and equal to H^AB and 
another perpendicular to AB and equal to OAB. Now 
Q^AB can be calculated, therefore draw U a"* parallel to 
AB to represent Q^AB, then draw a"a' perpendicular to 
AB. Since O is unknown, the magnitude of GAB cannot 
be calculated and therefore the length of is as yet 
unknown. However, it is known that the acceleration of A 
is along AC, therefore the closing line o'a' of the acceleration 
diagram can be drawn parallel to AC to intersect a'^of at 
Therefore the acceleration of A is o'a' measured with the 
acceleration scale. The angular acceleration of AB is 


£i = 


AB^ 


where is measured with the acceleration 


scale. The arrowhead on the vector of a* shows the direc- 
tion of this component of the acceleration of A relative to 
B, and therefore it follows that the direction of O is 
clockwise. Since the angular velocity of AB is anti- 
clockwise, the clockwise acceleration indicates a retardation. 

The acceleration diagram may also be drawn to a par- 
ticular scale on the mechanism diagram ABO. 


BD (BD)2 

Since £l=a>-T^, therefore 0®AB=ct>^^-^- 
AB AB 

(BD)2 


Along BA 


mark ofF a point K so that KB=“^— and draw KL at 


right angles to AB to intersect AO at L, Then is 

the acceleration of A, or LO represents the acceleration of 
A to the same scale that BO represents the acceleration 


of B. 

The proof, put briefly, is as follows. The figures OBKL 
and o'b'a"a' are similar since each side in one is parallel to 
a side in the other, taken in order, and since BC is pro- 
portional to co^BO or to o'b' and KB is proportional to 
co^KB or O^AB or proportional to b'a\ Therefore the 
acceleration of A is cu^LO. Also, a)^LK=:ilAB and there- 
LK 

fore Q = a)^- 7 ^- Constructions for drawing the line KL are 
AB 


given in the next two Arts, 
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33. Klein's Construction. — The shder-crank mechanism 
is shown again in Fig. 54. Produce AB to intersect at D 
{1 a line drawn from C perpendicular to AO. Draw a circle 
with AB as diameter. With centre B and radius BD draw 
another circle cutting the first circle at M and N. Join 
MN, intersecting AB at El and AO at L. 

Since MN is a chord common to both circles and since 
both circles have their centres in AB, therefore MN is 
perpendicular to AB. Join AM and BM. The right- 
angled triangles KBM and MBA are similar, therefore 

KB BM (BM)2 

or KB=^-^. But BM=BD, therefore KB 
BM AB AB 

= — ■ Tj — . Therefore, as shown in the preceding Art., the 


acceleration of the slider A is w^LO. The student’s 
attention is drawn to Ex. 6, p. 61, where the angular 
velocity of the crank is not uniform. 



34. Mohr’s Construction.* — ^As in Klein’s construction, 
produce AB to intersect at D a line drawn from C perpen- 
dicular to AC (Fig. 65). Draw DE parallel to CA to 
intersect OB produced at E. Draw EK parallel to DC, 
intersecting AB at K, then draw KL perpendicular to AB, 
intersecting AC at L. 

The triangles EBK and CBD are similar, therefore 
KB EB 

:^ = — • Also the triangles EBD and CBA are similar. 


•therefore 


EB BD 
BC~AB‘ 


* Also attributed to Rittershaus and others. 


ACCELERATION DIAGRAMS 


63 


Therefore or = therefore K is the 

BD AB AB 

required point in AB and, since KL is perpendicular to 
AB, L is the required point in AC. Therefore the accelera- 
tion of the slider A is co^LC. 

35. Centre of Zero Acceleration. — Let the accelerations 
of points A and B on a rigid body having plane motion 
(Fig. 56) be fa and in the directions Aa and B6, respec- 
tively, and let o'a'6' be the acceleration diagram. It is 
assumed that the points A and B are in the plane of the 
paper, which is a plane of motion. The acceleration of 
any point C on the body, and in the plane of the paper, 
is represented on the acceleration diagram by o'c' if the 
triangle a'b'c' is the image of the triangle ABC (Art. 31). 



If the point c' coincided with the pole o', then the accelera- 
tion of C would be zero. Therefore draw^ the triangle 
ABZ so that the triangle a'5'o' is its image, then the pole 
o' is the image of the point Z. The point Z has no accelera- 
tion and it is called the centre of zero acceleration or the 
acceleration ceiitre. 

It will now be shown that the angle ZAa is equal to the 
angle ZB6. Draw EF through o' and parallel to AB. 
Produce EF and b'a' to intersect at G. (In the figure the 
lines intersecting at G have been drawn parallel to EF and 


54 


ENGINEEKING MECHANICS 


6'a', respectively.) The angles which are known to be 
equal are indicated by similar marks. 

Angle ZAa= angle ZAB - angle aAB 

= angle o'a'b' - angle EoV~ angle at G. 
Angle ZB6 = angle AB6 - angle ABZ 

wangle Bo'5' - angle (3'6'a' = angle at G.- 
Therefore angle ZAa = angle ZB 6, 

The position of the point Z may be arrived at in another 
way. Suppose the body has an angular velocity oi and 
an angular acceleration co. Draw AZ (Eig. 57) so that the 
<h 

angle ZAa=^=tan~^ — , then the length of AZ may be 

determined as follows : — 

Acceleration of A = Acceleration of Z 

+ Acceleration of A relative to Z. 

Therefore /„ = Acceleration of Z + AZ 
Make the length AZ such that fa=AZV(xi^-\-d>^, then 
the acceleration of the point Z will be zero, and Z will be 
the centre of zero acceleration. 

Now join BZ. Since the acceleration of Z is zero, the 
acceleration of B is /& = BZ and the angle 

(t) 

ZB5 ^j/rrirtan"*^ — • The acceleration of any other point 

may be found in a similar way. 

The point Z may be obtained by drawing AZ and BZ 
inclined at the angle ^ to Aa and B6, respectively, and 
intersecting at Z. If, as shown, is greater than /„, then 
ZB is greater than ZA and therefore the angles ip are 
measured in clockwise directions from the lines B6 and 
Aa, for it can be seen that ZB would be less than ZA if 
the angles ifj were measured in anticlockwise directions. 
If only one acceleration is given, or if the directions of two 
accelerations are given without their magnitudes, then the 
direction of d> must be known in order to determine the 
direction of angle ip. The angle ip is measured clockwise 
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or anticlockwise from the direction of a given acceleration 
according as cb is clockwise or anticlockwise. 

The point Z may be inside or outside a body, but in the 
latter case it must still be regarded as rigidly attached to 
the body. 

36, Acceleration of a Point Moving along a Rotating 
Straight Line. — Let P be a point moving along a straight 
line OP which is rotating about 0 (Fig. 58). It is required 
to find the acceleration of the point P along and perpen- 
dicular to OP. 

Suppose that at a given instant OP=:r, OP is inclined 
at an angle 0 to a fixed line OX, the angular velocity of 

d8 c(/T 

OP is — or oj, and the velocity of P along OP is y or u. 
ctt at 

Also, suppose that during a short time Bt, 6 increases to 



0 + 80, P moves to Q, so that r increases to r + 8r, to becomes 
o) H- Sco, and u becomes u + Bu. 

At P the velocity perpendicular to OP is rcu, and at Q 
the velocity perpendicular to OQ is (r + 8r)(a) -f 

If the velocities at Q are resolved in directions parallel 
and perpendicular to OP, as indicated in the enlarged 
view (Fig. 59), then the changes in the velocities of P in 
these directions, and consequently the accelerations of P, 
may be determined. 

Parallel to OP — 

Change of vel. _ (-a + 8w) cos 80 - (r + 8r)(a> + 8aj) sin Bd ~u 
- _ 


Time 
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Let Q approach P, that is let dt approach zero, then h$ 
approaches zero, cos 80 approaches 1, sin 80 approaches 80, 
80 80 80 

the products rSoj — , Brdco— ultimately vanish, 

ot of of 

Bu . . du j §0 . ... A 4-1, 

— IS written — and — is written -r- or co, and the ex- 
8f at ot at 

pression becomes the acceleration of P along OP, therefore 


Acceleration of P along OP = ~-coV 
Perpendicular to OP — 


( 1 ). 


Change of vel. {u + ) sin 8 0 + (r + Sr) (co + Scu) cos 8 0 - rco 

Time Sf 


Let Sf approach zero, then the expression becomes the 
acceleration of P perpendicular to OP. Therefore, in- a 
similar manner to the previous simplification. 

Acceleration of P perpendicular to OP 


since 


dd dr dcx) ^ dco 

dt dt dt dt 


d0_ 

dt 


- dr 

and ~=‘W. 
dt 


( 2 ), 


Expression (1) might have been written down straight- 
away, for it consists of the rate of change of the velocity 
of P along OP, and the centripetal acceleration oj^r due to 

d(Jj 

the rotation of OP. In expression (2) the term r— was 

dt 

also expected; the term 2u(ji may astonish the student, 
but it is accounted for by the fact that OP is rotating 
whilst changing in length. The acceleration 2uq} is some- 
times called the compound supplementary acceleration or the 
Coriolis acceleration. 

The importance of these results is illustrated by the. 
example worked out in the next Art., and another method 
of obtaining them is suggested in Ex. 17, p. 65. 
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37. Shaping Machine Mechanism. — A mechanism for a 
shaping machine is shown diagrammatically in Fig. 60. 
A crank CB turning about a fixed centre G drives a slider 
through a pin B. The slider slides on a link AE turning 
about a fixed centre A and causes AE to oscillate and, 
through a link EF, drive a slider at F to and fro along the 
line HF. The various dimensions in inches are: AC = 5, 
CH = 4J, CB=2i AE = 11, and EF==8. The angle CHF 
= 90® and the angle HOB = 30°. The crank CB is turning 
uniformly at 30 r.p.m., and it is required to find the 
velocity and acceleration of the slider at F when the 
mechanism has the given configuration. 

Let the angular velocities of CB, AE, and EF, in radians 
per second, be denoted by to, Qj, and respectively. 
Also let D be the point on the link AE immediately under 
the pin B. For an instant B and D are coincident, but 
B slides away from D as the crank rotates. Let the 
velocity of B relative to D be w, 

277 

The angular velocity of CB is co = 30 x — =77 rad./see. 

2*5 

The velocity of B, perpendicular to CB, is tt x -- =0*054 
ft./sec. 

The velocity diagram may now be constructed. The 
scale used in Fig, 60 is 1 inch = 0*5 ft./sec., but the student 
should work the problem on drawing-paper, using a scale 
of say 1 inch = 0*1 ft./sec. Starting with a convenient 
pole 0 , draw ob perpendicular to CB to represent to scale 
the velocity of B, Since the point D moves in the direction 
perpendicular to AE and the point B moves along AE, 
draw od perpendicular to AE and draw bd parallel to AE, 
meeting od at d, then od represents the velocity of D and 
db represents u, the velocity of B relative to D. 

Produce od to e, making then oe represents the 

^ od AD 

velocity of E. The construction is shown by the dotted 
lines ; os makes any convenient angle with od, os = AE and 
or = AD, rd is joined and se is drawn parallel to rd to meet 
oe at e. 
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Since the point F moves along HE and its motion 
relative to E is perpendicular to FE, draw of parallel to 
HF and draw ef perpendicular to EF, meeting of at f, 
then ef represents the velocity of F relative to E and of 
represents the velocity of F. Measuring of with the 
velocity scale it is found that the velocity of F is 0-89 



ft ./sec. Also the velocity of B relative to D is db or 
=0*225 ft./sec. 

Two acceleration diagrams are shown, but this is only 
for clearness ; they should be combined and drawn as one 
diagram. The acceleration of the point B may be ex- 
pressed in two ways: as a point on the crank CB it is 
cu®CB acting towards C, and as a point moving along the 
link AE it is w - HjAD along AE in the sense A to E and 
+ perpendicular to AE in the sense in which 
the point J) is moving, provided in each case the numerical 



ACCELERATION DIAGRAMS 


50 


result is positive. It will be found, later that n is negative. 
It should be noted that - OjAD and OiAD are the accelera- 
tions of the point D, and although is easily calculated, 
Oi is more troublesome to find. Once the resultant 
acceleration of D is obtained, the accelerations of E and E 
may be found without difficulty. 

The acceleration scale is 1 inch = l ft./sec.^, but the 
student should use a much larger scale, say 1 inch = 0*2 
ft ./sec. 

2-6 

The acceleration of B is cj2CB=7r® x — = 2-06 ft./sec.®, 

therefore, from a convenient pole o' draw o'b' parallel to 
BC and equal to 2*06 inches. 

Now measurement od=^^~^ ft. /sec., and 

1*23 12 

AD =7-3 inches, therefore Oi = -~“X~-;~ = 1’01 rad./sec. 

2 7’o 

7*3 

Also njAD = l-0l2 x~— =0*62 ft./sec.2 and the direction 

is towards A, therefore draw o'd[ parallel to DA and equal 
to 0-62 inch. 

Next draw d'ld^ perpendicular to AD, then this is the 
direction of the acceleration G^AD, the magnitude and 
sense of which are unknown, and it is the direction of 
the acceleration 2uQ.i the magnitude of which may be 
calculated. The sense of ^uQ.^ is from d{ to dij because, as 
seen from the velocity diagram, u~db is positive or in the 
sense A to E, 

The acceleration of B relative to D along AE is there- 
fore draw b'd'z parallel to AE, intersecting d'ld^ at ds, then 
^26' represents which is evidently a retardation since the 
sense is opposite to the sense of the velocity u. 

As already found, 0*225 ft./sec. and 0^ = 1*01 rad./sec., 
therefore 2uOi = 2 x 0*225 x 1*01 =0*455 ft./sec.*. From d's 
mark off =0*455 inch along then d'dg represents 
2^^111 and, by subtraction, d[d' represents O^AD. 

Join o'd', then tliis is the total acceleration of the point D. 
To prevent confusion the line o'd' has been drawn in the 
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other diagram on the right, but as previously mentioned 
the two diagrams should be drawn as one. 


Produce o*d' to e' making 


oV _AE 

o^“AD' 


The construction 


is as shown by the dotted lines where oV'=AD, oV=AE, 
r'df is joined and s'e' is drawn parallel to r'd' to meet o'd' 
produced at e'. The acceleration of E is represented by o'e'. 
The acceleration of E may now be obtained. 

Acceleration of E —Acceleration of E 

Acceleration of E relative to E. 

The acceleration of E is along the line HE, therefore draw 
o’f parallel to HE, the length of o'f being unknown. 
The acceleration of E relative to E is n|PE along EE 
towards E and perpendicular to EE, where 

^^2 respectively the angular velocity and angular 
acceleration of EE. 


NowQ 2 =^^a'ndn^EE = ^- = 0-162 x^=0'038ft./sec.2, 

the value of Je being obtained from the velocity diagram. 
Therefore draw e'f{ parallel to EE and equal to 0*038 inch, 
then draw f^f perpendicular to EE and intersecting o'f' 
at f. The length fy' represents The acceleration 

of E is represented by o'f , and by measurement with the 
acceleration scale it is found to be 0*62 ft./sec.^, approxi- 
mately. 


Exercises IV 

1. A vertical single cylinder engine ruiming at 1800 revolu- 
tions per minute has a crank inches long and a connecting-rod 
10^ inches long, and the line of stroke of the piston passes 
through the centre of the crankshaft. Draw the acceleration 
diagram when the crank is at an angle of 30“ from the top dead 
centre, and state the magnitude of the acceleration of the piston 
in feet per second per second. 

2. A crank BC of length r feet is turning about the point C at- 
6t> radians per second and is connected to a slider A by a rod AB 
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of length I feet, the line of stroke of A being along AC, 
Draw acceleration diagrams to find the acceleration of the 
slider, (a) when the angle ACB is 0°, (6) when the angle ACB 
is 180°. 

3. The slider-crank mechanism as shown in Fig. 61 has the 
line of stroke of the slider A offset a perpendicular distance of 
2 inches from the centre C. 

AB=30 inches, BO = 8 inches, 
and BC is rotating clockwise at 
200 r.p.m. Draw an accelera- 
tion diagram to find the ac- 
celeration of the slider when 
the angle DCB is 60°, the datum line DC being parallel to the 
line of stroke. 

4. Referring to the preceding exercise and Fig. 61, find the 
acceleration of the slider A for each of the positions when AB 
and BC are in line, {a) not overlapping, (6) overlapping. 

5. In the slider-crank mechanism ABC (Fig, 62) the line KL 
is obtained as explained in Art. 33 and BL is joined. From any 
point E in AB, Ee is drawn parallel to AC to intersect BL at e 
and eC is joined. If BC rotates with a uniform angular velocity 
ct), show that the acceleration of the point E is a»®.eC. 




Fig. 62. Fig. 63. 


6. Let 6L) and d> be the angular velocity and angular accelera- 

- ■ ' ’ " of the crank BC in the siidcr-crank mechanism 

. ■ . ne KL is drawn as explained in Art. 33, then 

if the acceleration of the slider A is a>®LC. Draw KiKj 

through K and perpendicular to BC, making KKj »=KKj{» — r-, 

ca* 

then draw K^L^ and KgLg parallel to KL to meet AC at Lj 
and Lg. 

Draw acceleration diagrams and show that the acceleration of 
A is o)® . Lj^C when the angular acceleration m is clockwise and 
a>^ . LgC when cb is anticlockwise. 

7. Referring to Fig. 63 and the preceding exercise, show that 
the angular acceleration of the rod AB is zero for the given 

AK 

configuration if co tan ^ and is clockwise, 0 being the 

angle ACB, 
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8. When a link AB, which ia 6 inches long, is in the given 
position (Fig. 64) its angular motion is clockwise and the velocity 
and acceleration of the point A and the acceleration of the 
point B are as indicated. Find the angular velocity and angular 
acceleration of the link and the velocity of the point B. 



Fia. 64. Fia. 66. 


9, In the mechanism illustrated in Fig. 65 the slider A is 
moving to the right with a velocity v and an acceleration a, 
prove that the horizontal and vertical components of the 

acceleration of B are | 1 respectively. [C.U.] 


10, Fig, 66 illustrates the arrange- 
ment of the crank and connecting- 
rods of each pair of cylinders of a 
12-cylinder 60° Vee engine. Draw 
velocity and acceleration diagrams 
for the mechanism, and find the 
velocity and acceleration of the 
pistons and the angular velocity 
and angular acceleration of the 




fOO R.P.M. 


Fig. 67. 


Fig. 66. 


acceleration diagrams 6^ 

connecting-rods when the crank angle 0 is 40°. Engine speed, 
2400 r.p.m. 

AB -2-6 inches, BC = 6*25 inches, BDa=l*25 inches, I)E« 
6 inches, angle CBD — 60°. (Scales — In vector diagrams repre- 
sent velocity and acceleration of B by 2»5 inches.) [C.U.] 

11, Eig. 67 is a diagram of a cylindrical scavenge valve and 
the gear for operating it in the cylinder head of a large two-stroke 
Diesel engine. The valve-rod V is operated from the auxiliary 
crank DA of radius 10 inches which rotates at a constant speed 
of 100 r.p.m., and the scavenge air enters the cylinder from the 
receiver C through the ring of ports BB. 

Draw velocity and acceleration diagrams for the mechanism 
for the position in which the crank pin A is above the line DC) 
and the angle ADO is 16°, and find the velocity and the accelera- 
tion of the valve-rod V. (Scales for vector diagrams — 1 inch »= 
2 feet per second ; 1 inch = 16 feet per second per second.) [C.U.] 



12. Draw the diagram of Marshall’s valve gear as shown in 
Eig. 68. If the crank is 14 inches long and rotates at 100 r.p.m., 
draw the velocity diagram and the acceleration diagram; find the 
angular velocity and angular acceleration of the link AB. [U.L.] 

13. Eig. 69 is a diagrammatic repre- 

sentation of the crank and slotted 
lever mechanism as applied to a 
shaping machine. Neglecting the 
obliquity of EE and assuming in 
consequence that the acceleration of 
E is the same as the acceleration of E 
in the direction at right angles to 
CD, show how to find this acceleration 
for i.'.' ■ - crank CP when 

it is 

Eor the position in which PCD is Fi 
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a right angle j)Tove that the acceleration of F is 


+ 1 
{n^ + l) 


^0)2. DE, 

■ff 


where n is the ratio of ^ and co is the angular Telocity of the 

crank. [C.U.] 

14. Draw velocity and acceleration diagrams for the quick- 
return mechanism (Fig. 70) in the position shown, when the 
crank BC is rotating clockwise at a uniform speed of 60 revolutions 
per minute. 

The slotted lever AD and the crank BC turn about fixed 
centres A and B respectively, BC=4 inches. DE=6 inches. 
The line of stroke of E is at right angles to AB and at a perpen- 
dicular distance of 12 inches from A. 

(Scales — 1 inch = 6 inches per second; 1 inch— 25 inches per 
second per second. ) [C.U.] 




15. ABC (Fig. 71) is a link of a mechanism moving in a plane. 
Aa and Bb represent in magnitude, direction, and sense the 
accelerations of the points A and B respectively. On ah an 
image of the hnk ABC is constructed. Prove that if the triangle 
acb is similar to the triangle ACB, then the acceleration of 0 is 
completely represented by the vector Cc. 

Prove, also, that a similar construction wiU give the velocity 
of any point of the link. [O.U.] 

16. In a four-bar chain ABCD, in which AD is the fixed link, 
AB and DC intersect at I and GB and DA intersect at K. (See 
Fig. 72 which was not in the original examination question.) 
AN and AM are drawn parallel to DO and BC respectively and 
cut these lines in N and M. F is the point of intersection of 
KM and AN, and E is the point of intersection of IN and AM. 
FS is drawn perpendicular to AN, and ES is drawn perpendicular 
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to AM. ES and ES intersect in S. Prove that the aec'cleration 
of C is given by a)^NS, where ct> is the uniform angular velocity 


of AB. 



[C.U.] 


17. A point P is moving along a line OP which is turning in 
the plane of the paper about O (Fig. 73). 

Referred to fixed rectangular axes OX and 
OY, the co-ordinates of the point P arc 
X and y. Denoting the length OP by r and 
the angle POX by 6, then 

X cos 6 and w sin 



Show by differentiation that 


Fig. 73. 


dt^ 

d^ 

dt^ 




then, by resolving these accelerations along and perpendicular 
to the line OP, show that 


Acceleration of P along OP is 


dt^ 



Acceleration of P perpendicular to OP is + 2^ 


18. A body moving with plane motion has its instantaneous 
centre at 0 and its centre of zero acceleration at Z (Fig. 74). 

If the direction of the acceleration of a point P is perpendicular 
to OP, that is, if the acceleration is in the same direction as the 
velocity, show that all points such as P lie on a circle passing 
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through 0, P, and Z; also show that the acceleration of 0 is 
along the diameter OBi. 

If the direction of the acceleration 
of a point Q is along QO, that is, 
if the acceleration is in the direction 
perpendicular to the velocity, show 
that all points such as Q lie on a 
circle passing through O, Q, and Z. 

Show that the diameters ODj and 
OEg of the two circles are mutually 
perpendicular and that the points 
Ej, Z, and D 2 li© hi a- straight line. 

19. The crank CB of the slider- 
crank mechanism ABO (Fig. 75) is 
rotating about C with uniform 
angular velocity w. From the instantaneous centre 0 of the 
rod AB, the lino ' OK is drawn parallel to AC to intersect AB 
produced at K, then KP is drawn parallel to OA to intersect BC 
produced at P. A circle is drawn through the points 0, A, and 



P, and then the diameter OE is drawn. Next, OS is drawn 
perpendicular to OE, and OB is bisected at right angles by 
the line RS. The lines OS and RS intersect at S. With centre 
S and radius SO a circle is drawn through the points 0 and B, 
intersecting the circle OAP again at Z. 

Prove that BC.BP = OB^ and then show that the point P, 
considered as a point attached to the rod AB, has no acceleration 
in the direction PC. {Hint . — Considering the points P, B, and C, 
write down the total acceleration of the point P and then find 
the condition which makes the component in the direction PC 
zero.) 
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Show that the point Z is the centre of zero acceleration of the 
rod AB, and that the acceleration of the slider A may be expressed 

as X ^A. 

Finally, show that the point Z could also be obtained by 
drawing the circle OAP and a circle passing through the points 
A, B, and 0, 



CHAPTER V 

FORCE, TORQUE, WORK, AND ENERGY 

38. Newton’s Laws of Motion . — First Law . — Every body 
continues in its state of rest or of uniform motion in a 
straight line, except in so far as it may be compelled by 
force to change that state. 

Second Law , — ^Rate of change of momentum is pro- 
portional to the impressed force and takes place in the 
direction of the straight line in which the force acts. 

Third Law.— To every action there is always an equal 
and opposite reaction. 

39, Force and Acceleration. — ^Denoting force, mass, 
velocity, and time by P, M, v, and t, respectively, then 
momentum, the product of mass and velocity, is Mv and 
from Newton’s second law of motion 

Poc|(M») 

dt 

or P = c|(M»), 

at 

where C is a constant, or, using suitable units, 

P=|(M.). 

dn 

When M is constant, P = M~ =M/, 

where dvjdt or f is the acceleration, 
or Force = Mass x Acceleration. 

If 5 is displacement, v=^dsldt and acceleration may be 
written as 


d^s dv dv ds dv 
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Also it is sometimes convenient to wiite mass M as W/<7, 
where W is the weight of the mass and g is the acceleration 
due to gravity. 


Therefore 


l>=M/= 


W dv 
g dt 


W dv 
■ —v-~ 
g ds 


are some of the different ways of expressing the same 
equation. 

The dimensions of force in terms of mass M, length L, 
and time T are ML/T^ or MLT"®. 

Units. — A force of 1 ^ound-weigM is the attraction 
which the earth exerts in the latitude of London on a 
certain standard piece of platinum whose mass is described 
as being 1 pound. Another unit of force is the poundal, and 
32*2 poundals are approximately equal to 1 pound-weight. 

A force of 1 poundal will give a mass of 1 pound an 
acceleration of 1 foot per second per second. 

Therefore if a mass of M pounds is acted on by a force of 
P poundals and the acceleration is / feet per second per 
second, the equation of motion is 


P-M/. 


A 'force of 1 pound- weight will give a mass of 1 pound 
an acceleration of 32*2 feet per second per second, correct 
to three figures, and this acceleration is the value of gr, the 
acceleration due to gravity, in the latitude of London, It 
follows that a force of 1 pound-weight will give a mass of 
32*2 pounds an acceleration of 1 foot per second per 
second. 

Therefore if a mass of M pounds is acted on by a force of 
P pounds-weight and the acceleration is / feet per second 
per second, the equation of motion is 

P=^2/ or 32.2 P=M/. 


This is often written as Pgr ==M/, which, strictly, is incorrect. 
The value of g varies slightly from place to place, whereas 
the units of force (as defined above), mass, and acceleration 
do not depend on position. 
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If a now unit of mass equal to 32*2 pounds is chosen and 
if is the number of these units in the mass, then the 
equation becomes 

P=M./. 

This larger unit of mass is sometimes called a slug. 

Suppose now a mass of M units, of W pounds-weight, is 
acted on by a force equal to its own weight, then the 
acceleration wiU be g feet per second per second and the 
equation may be written as W=Mg^ if the units of M are 
suitably selected. Solving for M gives M=W/0f and it is 
evident that mass may be replaced by the ratio of its 
weight to the acceleration due to gravity. Therefore if 
the equation P =M/ is written as 



the force P will be in pounds-weight, provided the weight 
W is in the same units and the units of / are the same as 
those of g. 

Much controversy has ranged over the question of 
writing W/gr for M and probably will continue for all time, 
but the method is correct and very convenient. Most of 
the American books appear to use W/g', although it is not 
always clear whether force/acceleration or mass/number is 
intended. This discussion may seem unimportant to the 
student, but it is essential that he should know what he is 
doing. 

The advantages of using W/gf and regarding it as 
force/acceleration are that a unit check may be used in an 
equation and that the use of different units is facilitated. 

W 

Eor example, considering P = — /, which is the simplest 

equation in which mass appears : — 

(1) With lb. -weight, foot and second units, 

Ib.-wt. = — - X ft./sec.^ 

ft./see.2 ‘ 

Ib.-wt. =:lb.-wt. 


or 
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(2) With ton-weight, inch and second units, 

' . , tons-wt. . , , „ 

) tons-wt. = — - X incJies/sec.’^, 

inclies/sec.® 

or tons-wt. = tons-wt. 

Usually an engineer talks of a force of so many pounds 
when he means pounds-weight, but it is doubtful whether 
this ever leads to confusion. 


40. Torque and Angular Acceleration. — Consider a small 
mass m travelling, with velocity v at time t, in a circular 
path of radius OA=?* and acted on by a tangential accel- 
erating force P (Fig. 76). 


Since P=4(w^)> Pr=4(mn?). 

u/t dt 

But v = cor where oj is the angular velocity 
of the radius OA, therefore 

dt 



Fig. 76. 


If a body consisting of a large number of particles of 
mass m is rotating with angular velocity cu at time t, each 
particle being acted on by a tangential force P, then, using 
the symbol H to denote the words “the sum of,” 



where T = IlPr denotes the turning mo7nent or torqtie on the 
body and I = is known as the mo^nent 0 / inertia of the 
body (see Art. 44), 

The product Ico is the angular momentum of the body, 
therefore the *rate of change of angular momentum of the 
body is equal to the aiiplied torque. Of course, for this 
equality to hold good, suitable units must be used. 

Since Icu =:S(mr2)a) = S(mr2?;/r) = and mv m a 
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momentum, Smw, or ItD, is the moment of a momentum. 
Therefore angular momentum is also called moment of 
momentum. 

If the moment of inertia I is constant, 


where da)ldt or a is the angular acceleration. 

Units. — If I = Swir® is in pound-feet^ and a is in rad./seo.®, 
then T will be in poundal-feet. If mass m is written as 
w/g and w is in pounds-weight and g is in feet/sec.^, then 
T will be in pound-weight-feet or, more briefly although 
strictly incorrectly, pound-feet. 

41. Impulse. — If a force P acts on a mass M for a time t 
and changes the velocity of the mass from u to v, then, 
since 


[ PcZi=M[ dv=M{v -u). 
Jo Jtt 


If P i^a variable and has a mean value P', then 

{'Pdt=T't and P'^=M(v-w). 

Jo 


The product V't is called an impulse and is equal to the 
change of momentum it produces. When t is indefinitely 
small, as in the case of a blow or collision, P' is very large 
and is called an impulsive force. Generally in such a case 
it is not possible to measure t accurately and therefore 
P' cannot be determined. 

In a similar way it can be shown that 

[ Td^=T'^=I(coa~aJi), 

Jo 

where T' is the mean value of a variable torque T acting 
for a time wg - is the change of angular velocity, and 
is the change of angular momentum. The 
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product T't is the impulse of the torque and is equal to 
the change of angular momentum it produces. When i is 
indefinitely small, T' is very large and is called an impulsive 
torque or impulsive couple. 

42, Conservation of Momentum — Linear Momentum. — 
//, in any direction, the sum of the comjwnents of the exterjial 
forces acting on a system of bodies is zero, the total momentum 
of the system is constant in that direction. For example, if 
two bodies act on one another with a force P for a time t, 
the impulse is P^, and if there is no external force acting in 
the direction of the force P, the momentum gained by one 
is equal to that lost by the other, therefore the total 
momentum of the system is unchanged. 

Angular Momentum or Moment of Momentum. — Jf, in a 
system of bodies, the sum of the moments of the external forces 
about any fixed axis is zero, tJie angular momentum of the 
system about that axis is constant. For example, if two 
discs rotating about a common axis act on one another 
with a torque T for a time t, and there is no external torque 
acting on the discs, the angular momentum gained by 
one is equal to that lost by the other and the total angular 
momentum of the system is unchanged, 

43, Centrifugal Force. — When a body of mass m moves 
in a circular path, an inward radial acceleration has to bo 
provided and its value is v'^jr or coV (Art. 28, p. 47). 

Since P=w/, the inward radial force which is required 
in order to produce the inward radial acceleration is 
p=:mv^/r =ma)V and this is called the centripetal force. 
The mass resists this inward force with an equal and 
opposite outward force called the centrifugal force, but this 
force does not act on the mass. If centripetal force ceases 
to act, for example if the mass is travelling in a circle at 
the end of a radial string on a horizontal surface and the 
string is suddenly cut, the centrifugal force disappears too 
and the mass goes olf in a tangential direction. 

It is common practice, however, to regard centrifugal 
force as an outward radial force acting on the mass and then 
to treat the forces acting on the mass as being in equilibrium. 
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Centrifugal force regarded in this way is merely a particular 
case of a reversed effective force or reversed accelerating 
force (Art. 74, p. 132). This is an artifice which produces 
the desired result, but it is important to understand that 
it is only an artifice. 

The following example on a conical pendulum shows 
that either centripetal force or the artificial centrifugal 
force may be used to produce identical results. 

Consider the conical pendulum shown in Fig. 77 where 
a string OA supports a body of mass m and weight W, 
which is moving in a hori- 
zontal circle of radius r about 
a vertical axis OY. Lot tlie 
angular velocity be cd and let 
the angle YOA be 0. It is 
required to find tu in terms 
of W, m, and r. 

The horizontal component 
of the tension T in the string 77 ^ 

is T sin 6 and this component 

is equal to and provides the centrij^etal force mcoV shown 
at {a), that is 

T sin 9=ma)^r. 

Also, resolving vertically, in wliich direction there is no 
accelerating force, 

Tcos 0=W. 



From these equations. 


ions, o} = fj- 


W tan 6 
mr 


Using centrifugal force and referring to the Fig. at (6), 
m(xi^ is regarded as a radial force acting outwards on the 
mass, and all the forces acting on the mass are treated as 
being in statical equilibrium. 

Resolving horizontally, 

T sin 6-nio}% 
and resolving vertically, 

T cos 0=W. 
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These two equations are identical with those aiTiv<ul at 
when centripetal force was used, thus the two methods 
produce the same results. 

44. Moment of Inertia. — ^If m is the mass of a particle of 
a body at a perpendicular distance r from an axis through 
0 perpendicular to the paper (Fig. 78), then the 
moment of inertia of the body about the axis 
through 0 is defined as I = Smr2, where S 
denotes “the sum of” and the summation 
includes all the particles of the body. 

If M is the total mass of the body and h is 
such that 

or ib — V(I/M), Fia. 78, 

then h is defiined as the radius of gyration of the body 
about the axis through 0. 

The moment of inertia of an area is defined in a similar 
manner by substituting area for mass. If, in Fig. 78, a is 
an element of area at a distance r from 0 and tlio whole 
figure has an area A, 

l^^Ah^^'Lar^ and ^=:V(I/A). 

Sometimes the moment of inertia of an area is called the 
second moment of an area, which is a more descriptive 
phrase since an area, having no mass, cannot have inertia. 
However, the term moment of inertia is more usual in 
practice. 

Units. — For a mass, since I=MA;^ the units of I will 
depend on those of M and h. If M is in pounds and h is in 
feet, then I will be in pounds x feet^. If M is expressed as 
’Wjg, force/acceleration, witli say W in pounds-weight and 
g in feet per second per second, and if k is in feet, then I 

will be in x ft.^ or Ib.-wt. xft. xsec.^ 

ft./sec.2 

For an area, since I=AZ;2, units of I will be those of 
length^ ; if length is in inches then I will be in inches^. 

45. Moment of Inertia — Theorems. — ^Two theorems and 
their corollaries are given below. 
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Theorem /.—If and I„ are the moments of inertia of 
a plane figure (Fig. 79) about axes OX and OY in its plane 
and perpendicular to one another, and 
if Ig is the moment of inertia of the 
figure about an axis OZ perpendicular 
to the plane XOY, then 
Xg is called a polar moment of inertia. 

Consider a small element P, of area 
a, whose distances from OY, OX, and 
0 are Xy y, and r, respectively, then 
r® =x^ ar^=ax^ + ay^, and = 'Lax'^ + Sa^/^ therefore 
Is =I„ +I(B- 

Corollary 1. — If OZ is a fixed axis perpendicular to the 
plane of the figure and if OX and OY are any two mutually 
perpendicular axes in the plane, then Ia; + Iy, being equal 
to Ijj, is constant. 

Corollary 2. — Since is constant, it follows that if 

I3, is a maximum, I^ is a minimum. 

Theorem II . — Let I be the moment of inertia of a surface 
or body about an axis XX passing through its centre of 
gravity G (Fig. 80), and let Ii be the 
moment of inertia of the surface or 
body about an axis XiXi parallel to 
XX and at a perpendicular distance r 
from it. Let A be the area of the sur- 
face and M the mass of the body. It 
can be shown (see D. A. Low’s Applied 
Mechanics, Art. 68, p. 51) that — 

For the surface Ii =I + Ar^. 

For the body Ii = I + 

Corollary 1. — ^If h and hi are the radii of gyration about 
the axes XX and XiXi, respectively, l=Ak'^ or and 
li = Ahl or Mkl Hence hl = h^+rK 
Corollary 2. — ^The radius of gyration about a given axis 
passing through the centre of gravity is less than the 
radius of gyration about an axis parallel to the given axis, 
and the axis about which the radius of gyration is least 
must pass through the centre of gravity. 
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46. Moment of Inertia — Routh’s Rule, — 

Moment of inertia about an axis of syyninetry 

sum of squares of 'perpendicular semi-axes 

— mass X — — — — — — “ • 

3, 4, or 5 


The denominator is to he 3, 4, or 5, according as the body 
is rectangular y elliptical^ or ellipsoidal. 

In this rule the word mass may be interpreted as either 
mass or area. Also it is to be understood that the semi- 
axes are perpendicular to the axis about which the moment 
of inertia is required. For instance, for a circle (this is 
the particular case of an ellipse where the major and 
minor axes are equal) there is one semi-axis if the moment 
of inertia is about a diameter, and there are two semi-axes 
if it is about an axis through the centre perpendicular to 
the plane of the figure. 

In the case of right solids, all sections perpendicular to 
the axis about which the moment of inertia is required 
must be either rectangular, circular, or elliptical and must 
aU be equal. 

The rule cannot be used to find the moment of inertia 
of a square about a diagonal, but this is the same as the 
moment of inertia about an axis through the centre and 
parallel to one side. The proof follows at once from 
Art. 46, Theorem I, Corollary 1. 


47. Moment of Inertia. — Example, — To find the moment 
of inertia and radius of gyration of a right circular cylinder, 
of radius R, length I, and mass M, about the longitudinal 
axis. 

Using Routh’s rule, there are two perpendicular semi- 
axes, each equal to R, therefore 


and 


fc = V'(I/M) = R/v'2. 


Working from first principles, let m be the mass per 
unit volume, then m^M/TrBH. 
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For a thill cylinder of radius r and thickness Br (Eig. 81) 
the mass is 27rrSr^m or 2rSfM/R^ and the 
moment of inertia is 2r®SrM/R2. z 

The total moment of inertia is 


1 = 


'mo 

and, as before, 


rHr = 


2MR^ , R2 


R2 
7c = R/V2. 


4 2 



Fig. 81. 


Other examples of moments of inertia 
are given, in the exercises at the end of this Chapter, in 
I). A. Low’s Applied Mechanics^ p. 52, and in the author’s 
Mathematics, p. 262. 


48. Work. — Work is measured by the product of force 


and the distance through which it acts, 
is plotted against displacement s. The 
area of the shaded strip of width Ss 
represents PSs, the work done during 
the small displacement S<s. The area 
under the curve between the ordinates 
at A and B represents the work done 
whilst the displacement increases from 
3 =5- to s —Soj therefore 


In Eig. 82 force P 



DISPLACEMENT 


Fig. 82. 


Work between these limits = Fds. 




If the equation to the curve AB is known, the value of 
this integral may usually be obtained. If the equation is 
unknown, the actual area under the curve may be found 
graphically, and then, taking into account the force and 
displacement scales, the work done may be evaluated. 
Suppose 1 inch horizontally represents a feet and 1 inch 
vertically represents pounds, then 1 square inch represents 
ap foot-pounds. Hence, if the whole area considered is 
A square inches, the work done will be apA foot-pounds. 

From what has been said about units of force, it follows 
that p should be in pounds-weight instead of pounds, and 
then, if displacement is in feet, the work done would be 
in foot-pounds-weight. However, in practice “ weight ” 
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is omitted and the work is said to ]>o in foot-iiounds. 
Other commonly used units are incli>i)ouuds, foot-tons, 
and inch-tons. 


49. Work in Eaising a System of Masses. — When a 
number of masses are raised through different heights, or 
when all the parts of one mass are not raivsed through the 
same height, the amount of work done is obtained by 
multiplying the total weight lifted by the distance through 
which the centre of gravity of the system is raised (Proof 
is given in B. A. Low’s Applied Meolianics^ p, 24), 


50, Work done by a Torque. — Suppose a uniform torque 
T pound-feet acts through an angle of 6 radians (Pig. 83). 
Let T be replaced by a force P pounds s ^ p 
acting at a radius r feet, the product Pr 
being equal to T. The force P is displaced 
a distance s=rd and the work done is 




Vs=VrO “T0 foot-pounds. 


\ 


If the torque starts from zero and in- fig Ts 
creases uniformly to the value T, then the 
mean value is JT and the work done is In general, 

if a varying torque T acts through an angle 0, 

Work done = [ 

•lo 


If the equation betw^een T and 6 is known, the value of 
this integral may usually be obtained, otherwise graphical 
integration must be used as explained in Art, 48, 


51. Energy. — Energy is the capacity for doing work. 

Potential Energy is energy due to position or configura- 
tion. If a body of weight "W is lifted a height h from the 
ground, the work done is WA and this is .stored up as 
potential energy due to the position of the body. If the 
body is then allowed to fall a di.stance h it can be made 
to do work equal to WA, A deflected spring has potential 
energy stored in it, for it can be made to do w’ork in 
returning to its unstrained position. 
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Kinetic Energy is energy due to motion. If a body of 
weight W which has been lifted through a height h is 
allowed to fall, it will lose potential energy and gain kinetic 
energy. For instance, when it has fallen a distance its 
potential energy wiU be |WA and its kinetic energy will 
be JWA. Just as it reaches the ground its potential energy 
will be zero and its kinetic energy will be WA. 

52. Conservation of Energy. — Energy is indestructible 
but may change its form. For example, work done against 
friction will generate heat. If there is no friction and no 
external work is done, then the total energy in any 
mechanical system is constant. 

In Mechanics, the conservation of energy is stated by the 
relation 

Potential Energy + Kinetic Energy — Constant. 


53. Kinetic Energy of Translation and Rotation. — 
Suppose a body starts from rest and acquires a velocity v 
in time t. It is required to find the kinetic energy. 

’ If the mass is M, the displacement is 8 and the accelerat- 
ing force is P, then 

^ dv 

P=M— =M4;t-' 
at ds 


Therefore 


[ Pds = M [ 
Jo Jo 


and this is the kinetic energy. It follows that if the 
velocity of the body changes from to the change of 
kinetic energy is -v\). 

The kinetic energy of a rotating body is found in a 
similar way. Suppose the moment of inertia about the 
axis of rotation is I and that at, time t the torque is T, the 
angle turned through from rest is 6 and the acquired 
angular velocity is w. 


Since 


do) dll) dO do) 


I Td0=l| o)dco=^Xa)^ 
0 Jo 


therefore 
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and this is the kinetic energy duo to rotation. If the 
angular velocity changes from to cug? change of 
kinetic energy is coj). 

If a body has motions of translation and rotation at the 
same time, the linear velocity of the axis of rotation being 
V and the angular velocity about the axis of rotation being 
cu, then the total kinetic energy is 


54. Power. — Power is the rate of doing work. If a 
force P is working at a speed V, then the work done per 
unit time is PV. 

Horse-power is the name given to the particular rate of 
33,000 foot-pounds per minute or 560 foot-pounds per 
second. If a force of P pounds is doing work at the rate 
of V feet per minute, then 

PV 

Horse-power = 

^ 33,000 


If a torque of T pound -feet is turning a shaft at N revolu- 
tions per minute, the angle turned through per minute is 
0 = 27 rN radians, the work done per minute is T^ = 27rNT, 

^ XT ^TtNT 

and Horse-power = 3 ^^. 


8 

I 4_q_s 


55. Vector Representation of Angular Velocity and 
Torque. — Consider a disc 0 or any other body rotating 
about an axis AB (Fig. 84) with an angular velocity a>. 
If the direction of rotation is 
clockwise when viewed from A, 
the angular velocity may be 
represented in magnitude and 
sense by a line oc drawn 
parallel to the axis AB, to a 
suitable scale, the sense being determined, by using the 
right-handed screw convention, as from o to c, the direction 
in which a right-handed screw would advance wlien turned 
clockwise in a fixed nut. Viewed from B, the direction of 


Fig, 84 . 


Fig. 86. 
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rotation is anticlockwise, but a right-handed screw would 
still move in the direction AB if turned anticlockwise, 
therefore oc still represents co. If the direction of is 
reversed, then co is represented by co. 

What has been said about angular velocity may also be 
applied to angular momentum, because the latter is a 
constant times velocity. 

In the same way a torque T (Fig. 85) may be represented 
by a line de drawn parallel to the axis AB, to a suitable 
scale. 


56. Gyrostatic Motion. — In Fig. 86, OX, OY, and OZ 
are mutually perpendicular axes, and a disc C is rotating 
about OX witli a constant angular 
velocity a>, the direction being 
clockwise when viewed from 0. 

Suppose now that a torque T is 
appKed to the disc, in a clockwise 
direction when looking from Z to 
0. If the diameter MN is parallel 
to OZ, the torque is clockwise ^ 
about this diameter when viewed 
from N. It is required to investi- 
gate the motion of the disc due to the application of the 
torque T. 

Let I be the moment of inertia of the disc about OX, 
then the angular momentum about OX is Ito. Draw the 
vector oc parallel to OX, to a suitable scale, to represent 
Ico. Now a torque T applied for a time U will produce a 
change of angular momentum equal to TSt, therefore draw 
cc' parallel to ZO to represent and join oc'. Let the 
angle coc' be hcf). The triangle coc' is in the ZOX plane 
and the angle occ' represents 90°. 

Since o) is a constant angular velocity, oc' must also 
represent Iw, As is very small, cc' is approximately 
equal to ocB(j), therefore 



86 . 


TS^=Ia;8^ or 



approximately. 
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When St is made indefinitely Bmall and approaclioa zero, 


T=:lJf=IwQ, 

dt 


where ^ the angular velocity in the ZOX piano. 

Therefore it is seen tliat instead of the axis OX turning 
about OZ, due to the torque T, it turns about the axis 
OY in an anticlockwise direction when viewed from Y. 
This motion of tlie axis of spin OX, about the axis OY, is 
called precBSHion and the rotating disc 

It is to be noted that the precession tends to cause the 
axis of spin to move round so that it coincides with the 
axis of the applied torque and so that the spin and the 
torque would then have the same sense. Actually, of 
course, when the axis of spin moves round, the axis of 
torque also moves round because the angle between these 
axes remains a right angle. 

When a torque is applied in such a w’ay as to cause a 
spinning body to precess, the motion is called gyrosiatic. 


Exercises V 

1. A body, weighing 100 lb. and supported on a horizontal 

plane, is moved by a horizontal force of 20 lb. against a constant 
frictional force of 15 lb. If tlie body starts from rest, find the 
value of its acceleration ar. ’ " *' 1 ‘ of 15 seconds. 

If the 20-lb. force is then ■ ■■...■• . ■ .mo will elapse 

before the body comes to rest 1 

2. A pile-driver hammer weighing 1500 lb. falls a distance of 
2*5 feet on to an inelastic pile weighing 1000 lb. and drives it 
1-5 inches into the ground against a uniform resistance. Find 
the velocity with which the x>ilo begins to move and the time 
during which it is moving. Find also the value of the ground 
r<‘sistance (a) neglecting the weights of the hammer and the pile, 
(6) taldng these weights into account. 

3. Two masses M and ?n, moving along a siraight line in the 
same direction with velocities U and u respectively, collide and 
continue their motion with a comiiion velocity v. Sliow that 
the lo.ss of kinetic energy is 

Mw(U 
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4. A body, initially at rest, is acted on by a force wMcb varies 
as the square of the time and is 50 lb. after 20 sec. Find the 
time-average and the space*average of the force during the first 
20 sec. 

6. What would be the answers to the preceding exercise if the 
force varies as the time and is 100 lb. after 20 sec. ? 

6. A car weighing 1 ton starts from rest on a level road. The 
difierence between the tractive effort and the resistance to 
motion is initially 500 lb. and falls, the decrease being pro- 
portional to the distance travelled, until it is zero at the end of 
250 yards. Find the maximum speed in miles per hour. 

7. If a car weighing 1 ton starts from rest on a level road and 
the accelerating force in pounds is 600 - 0‘045u®, where v is the 
speed in miles per hour, find the speed at the moment when the 
car has travelled 250 yards. 

8. A shell weighing 2000 lb. is fired horizontally with a velocity 
of 2100 ft. per sec. from a gun mounted on a truck, the combined 
weight of gun and truck being 170 tons. If the truck is standing 
on an incHne of 1 in 5, measured as a sine, find the distance it 
will travel up the slope. 

9. If in the preceding exercise a constant force of F tons is 
acting down the incline during the motion, find its value so that 
the truck may come to rest after travelling 6 feet. 

10. Two men exerting together a force of 90 lb. weight put a 
railway wagon into motion. The wagon weighs 6 tons and the 
resistance to motion is 10 lb. per ton. How far does the wagon 
advance in 1 minute; and at what rate, in horse-power, are the 
men working at the end of the minute ? 

If the men can at most do work at the rate of 0-8 horse-power, at 
what constant speed can they keep the wagon moving ? [C.U.] 

11. A flywheel is secured to a shaft which is supported hori- 
zontally in bearings, and a weight W is carried by a taut string 
attached to and wrapped round the shaft (Fig. 87). 

Starting from rest, the weight W descends a distance 
of 4 feet, then the string is detached from the shaft 
and the latter does a further 150 turns before 
coming to rest. Assuming that a constant resist- 
ing couple 0 acts on the shaft during the whole 
experiment, find its value in lb. -inches. ' 

Weight of flywheel and shaft is 80 lb. and their lAL) 
radius of gyration is 10 inches. Diameter of shaft Fiq. 87. 
is 1 1 inches and W = 15 lb. 

12. A flywheel is fixed on a shaft, 1’5 inches in diameter, which 
is supported on two parallel rails having a slope of 1 in 10 
(measured as a sine). If the flywheel and shaft start from 
rest and in 10 seconds roll 6-6 feet down the slope without 
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slipping, find fclieir radius of gyration about the centre line of 
the shaft. 

13. For starting a small diesel engine by hand, all compression 
is relieved while the handle is swung until a speed of 100 r.p.m. 
is attained. Full compression is then brought in, and the 
energy stored in the flywheel is relied upon to move the piston 
past top dead centre at an instantaneous crankshaft speed of 
60 r.p.m. If full compression starts at 40° after bottom dead 
centre, and the work done during compression is given by 
I* C sin 0 

li — cosd^^^ where C = 125 lb. -ft., calculate the ratlins of gyration 

of the flywheel whoso weight is 2 cwt. 

14. A body weighing 2000 lb., starting from rest, is propelled 
in a straight line against a constant resistance of 40 lb. by a 
constant horse-power which is etpial to 1*2. Find the time taken 
for the body to reach a speed of 10 ft. per sec. 

15. A car has a speed of 60 m.p.h. round a curve on a banked 
track of 100 yards radius. If there is no lateral force between 
the car and the track, find 

If a car weighing 2000 lb. 1 - ■ . I ' . 

what would be the lateral force between the car and the track ? 

16. A railway track of 4 ft. 8| in. gauge is laid in a curve 
of 3000 ft. mean radius. Find the super-elevation necessary if 
a train travelling at 70 m.p.h. is to exert the same pressure on 
the outer rail as it will on the inner rail when travelling at 
30 m.p.h. 

17. A liner of 50,000 tons displacement is driven by engines 

which are capable of maintaining a propulsive force of 250 tons 
at all speeds. Resistance to motion varies as the square of the 
speed and the vessel reaches a steady speed at 30 m.p.h. Find 
the horse-power developed at this speed, and if the engines are 
then shut off, find the time which elapses before the speed has 
fallen to 15 m.p.h. [C.U.] 

18. Water is pumped at the rate of 150 tons per hour through 
a pipe to a height of 40 feet where it is delivered through a 
nozzle of 3 inches diameter. Find the horse-power required to 
drive the pump if 35 per cent, of the energy supplied is wasted 
in frictional resi.stances. Take the weight of a cubic foot of 
water as 62*3 lb. 

19. A railway truck weighing 8 tons, travelling at 4 m.p.h. on 
a level track, collides with a stationary truck weighing 12 tons. 
When the spring buffers are in contact and the distance between 
the trucks is reduced by x inches the reaction is 0*85a: tons. 
Find the common velocity which the trucks have for an instant, 
the loss of kinetic energy, and the compression in inches of the 
buffer springs. 
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20, A moior-car weighing 2000 lb. exerts 18 horse-power when 
travelling at a uniform speed of 20 m.p.h. up a slope of 1 in 7 
(measured as a sine). Find [a) the horse-power exerted in over- 
coming gravity, and (6) the resistance due to friction, air pressure, 
etc. 

21. On the level the maximum speed of a train of total weight 
W tons is V miles per hour, the resistance to the motion when 
the speed is v miles per hour being {a -^bv) tons weight, where a 
and b are constants. The puU of tlie engine is constant and 
equal to F tons weight. Show that the maximum horse-power 
of the engine when the train is on an up-gradient of angle a, 
under the same resistance, is 


448 

75 


pv(l - 


W sin a'^ 

w r 


Calculate the value of V, given that the resistances corre- 
sponding to speeds of 5 and 25 m.p.h. are respectively 1 and 
3^ tons weight, that W-460, that sin a *=1/200, and that the 
values of the maximum horse-power developed on the level and 
on the incline are respectively 360 and 262. [C.U.] 

22, A horizontal shaft ip fixed bearings carries an eccentric, of 
radius a, the distance of whose centre from that of the shaft is c. 
The eccentric bears against the horizontal surface of a bar 
carr 3 dng a weight. The bar is so constrained that it is only 
free to move vertically, remaining parallel to itself. The shaft 
is slowly turned so that the bar rises and falls. Find an ex- 
pression for the couple which must be applied to the shaft in 
terms of the angle through which it has been turned. The 
weight of the eccentric may be neglected, and the only friction 
to bo taken account of is that between the bar and the eccentric, 
the coefficient for which is p,. 

If /It and a =2c, prove that the efficiency of tlie arrangement, 
when used as a machine for raising the bar and weight from the 
lowest to the highest position by a half-turn of the shaft is 
approximately 0-56. [C-H-] 

23. An aeroplane travelling at a speed V relative to the air 
experiences a resistance R=et’V2 where a and h are 
constants within certain limits of V. Show that, within these 
limits of V, the power absorbed in air resistance has a minimum 
value Hq, at a speed Vq, where 

H„=4g)*, V5=6/3o. 


Assuming that the effective thrust power Z of the propeller 
is independent of V, find the greatest rate of gain of height, and 
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show that the aeroplane is then climhing at an angle sin“i 

W V(j 

to the horizontal, where W is the weight of tlio aeroplane. 

[G.U.] 

24. Let it be assumed that the effective rate of working of the 
engine of a motor-car is represented by the expression 'kn{ni ~ n) 
where n is the number of revolutions per second and h, are 
certain constants ; also that the velocity v is equal to kn where h 
is a constant. If there is a fixed resistance to the motion of the 
car equal to A times its weight (?a), find the speed with which 
the car wiU ascend an incline of angle a. If the value of k is 
capable of adjustment, show that to secure the best speed k must 
be equal to 

hnil2io{X +Hin a), 

the best speed being 

hnl/iwiX + sin a). 

If the maximum power of the engine is 20 H.P,, the weight 
of the car is one ton, and the best speed up a slope of one in ten 
is 20 miles per hour, show that tlie best speed on the level is 
nearly 60 miles per hour and find the best speed up a sloj)e of 
one in five. [G.U.] 

25. A particle of mass m moves in a vertical plane in a medium 
whose resistance is km multiplied by the velocity. Show that 
the component velocities referred to horizontal and vertical 
axes are 

X = ^ - 1 , 

and that the resultant acceleration is in a fixed direction. 
Prove also that the vertical distance of the particle from a lino 
through the point of projection parallel to the direction of the 
resultant acceleration is gtjk, [C.U.] 

26. A motor-car is travelling round a left-hand bend of 20 feet 
mean radius at a speed of 16 m.p.h. The flywheel and crank- 
shaft rotate at 1600 r.p.m. in a clockvdse direction when viewed 
from the front; their weight is 100 lb. and their radius of 
gyration is 7*5 inches. The distance between the front and 
back axles is 8 feet. Find the change in the pressures on the 
wheels due to gyrostatic action of the flywheel and crankshaft. 

27. A four-wheeled vehicle is roun(ling a curve of 200 feet 
mean radius at a speed of 30 m.p.h, The wheel track is 4 feet 
6 inches and each wheel has a diameter of 2*6 feet, a radius of 
gyration of 1 foot, and weighs 60 lb. Find the alteration of 
pressure between each wheel and the track, due to gyrostatic 
action. 
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Moments of Inertia 

In the exercises which follow^ show that the values of the moments 
of inertia are as given, 

28. A straight and uniform slender rod, of length I and mass 
M, about an axis perpendicular to it and passing through one 
end,I-^M;2. 

If the axis passes through the centre of the rod instead of 
through one end, I « 

29. Rcctang^' base of length h and height h, 

about an axis . ■ base, I 

If the axis passes through the centre of gravity and is parallel 
to the base, I --^hh^. 

If the axis passes through the centre of gravity and is perpen- 
dicular to the plane of the rectangle, I 

30. A square, length of side a, about a diagonal, I = 

31. Triangle, base of length b and altitude h, about an axis 
coinciding with the base, I = 

If the axis passes through thie centre of gravity of the triangle 
and is parallel to the base, I = 

If the axis passes through the vertex of the triangle and is 
parallel to the base, I « ]bh^, 

32. Circle of radius R, about an axis passing thi’ough its centre 

an 1 ' ) its plane, I = JttR^. 

.I = i^R'^. 

33. A solid cylinder of length I, radius R and mass M, about 
a diameter at one end, I =M(|R 2 + 

34. A solid sphere of radius R and mass M, about a diameter, 

(It is known that the volume of a sphere is 

35. A solid right circular cone, about a diameter in the base, 
taking R as the base radius, H as the altitude, and M as the mass, 



CHAPTER VI 

DIMENSIONS— DYNAMICAL SIMILABITY 

57, Dimensions. — In Mechanics most quantities may be 
expressed in terms of one or more of the fundamental 
quantities, mass M, length L, and time T, although some- 
times it may be convenient to use force F instead of 
mass M. 

A mass is of one dimension in M, a length is of one 
dimension in L, and a period of time is of one dimension 
in T. An area being length multiplied by length, or 
is of two dimensions in L, and a volume, or L®, is of three 
dimensions in L. 

Velocity, being length divided by time, or L/T or LT"^, 
is of one dimension in L and minus one in T. Acceleration, 
or L/T^ or LT"^ is of one dimension in L and minus two 
in T. An angle measured in radians is an arc divided by 
a radius, or L/L, which is a ratio or mere number and is 
dimensionless. Therefore angular velocity has the dimen- 
sion 1/T or T~^, and angular acceleration has the dimensions 
1/T2 or T-2. 

Since force = mass x acceleration, the dimensions of force 
F in terms of M, L, and T are ML/T** or MLT“®. 

In terms of F and L, stress or force/area has the dimen- 
sions F/L^ or FL“2, and in terms of M, L, and T this 
becomes MLT-^/L^ or 

The dimensions of various quantities are tabulated on 
p. 90 in terms of M, L, and T and of F, L, and T. 

In any equation having a physical meaning and which 
is true in any system of units, the dimensions of all terms 
must be the same. This is shown in the examples which 
follow. 

Example 1. — Consider the relation between velocity, 
acceleration, and time, that is v 
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Quantity, 

Dimensions. 

In Terms of 

M, L, T. 

In Terms of 

F, L, T. 

Mass ..... 

M 

I’L-iTa 

Force ..... 

MLT-2 

F 

Moment of Force 

ML^T-a 

FL 

Momentum or Impulse 

MLT-i 

FT 

Angular Momontura . 

MX^aT-i 

FLT 

Work or Energy 

MLaT-2 

FL 

Power ..... 

MLST-a 

FLT-i 

Moment of Inertia . 

ML* 

FLTa 

Stress. ..... 

ML-^T-a 

FL-a 

Density . . . 

ML-3 

PL-4Ta 

Viscosity. .... 

Ml-it-1 

FL-ap 

Kinematic Viscosity . 

L^T-i 

Lap-^ 


TJie dimensional equation is 

L/T = (L/T2)T 

or LT-i=rLT-i. 

Example 2. — Consider the equation 
The dimensional equation is 

L = (L/T)T + (L/T^)T2 
or L— L + L. 


Since numerical coefficients are dimensionless, they do 
not appear in dimensional equations and therefore a 
dimensional check is not complete evidence that an 
equation is correct. 

Example 3. — ^It is required to examine the dimensions of 
the terms in the equation connecting the loss of potential 
energy with the gain of kinetic energy when a body rolls 
down an incline. 


The equation is WA = 
where the symbols have the usual meanings. 
The dimensional equation is 


T2y 




or ML2T-2 =:ML2T-2 +ML2T-2. 
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Example 4. — The relation between the torque T^ and the 
shear stress / in a shaft of diameter d is T^ — Trdy/IG. It is 
required to clieck the dimensions of this formula. 

This is an example where it is simpler to use P than M. 
The dimensional equation is 

PL=L«F/L2 

or PL=PL. 


In terms of Mj L, and T the dimensional equation is 




L=L«( 



L2 


or ML2T-2=ML5‘T-2. 


Example 5 . — K list of formulse gave the stress / in a leaf 
spring as 


3 W 
^ 2 nbt'^ 


where W is load, I is length, n is the number of leaves, and 
h and t are respectively the breadth and thickness of each 
leaf. The index a was a numerical value which had been 
altered and made illegible. It is required to find the value 
of u. [This simple problem actually occurred and the 
method of dimensions produced the answer in far less 
time than it could have been obtained in any other way.] 
In terms of P and L the dimensional equation is 

P/L2=:FL7L» 
or FL-s=PL““^ 

Therefore a - 3 = - 2 and a = 1. 

58. Dimensional Method of Determining Indices in 
Formula. — Sometimes it is convenient to use the method 
of dimensions to find 'how one quantity varies in relation 
to other quantities. The method is shown in the following 
examples ; — 

Example 1. — A. torque % is transmitted through a shaft 
of diameter d and it is required to use the dimensional 
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method to find how the torque varies with d and with the 
shear stress /. 

Assume that = Cc?®/*, 

where 0 is a constant and a and h are unknown indices. 
Since a constant is dimensionless, this method will not 
enable the value of C to be determined. In general, it 
is incorrect to assume only one term on the right-hand 
side as it might be necessary to have a number of terms, 
but this point will be explained further in the next Art. In 
the present example, and in each of the two which foUow, 
it happens that only one term is required on the right- 
hand side. 

Since T,=C^^«/^ 

the dimensional equation, in terms of E and L, is 
EL=L®(E/L2)'' 

or EL=L“-2‘'E^ 

Equating indices of E, which must be the same on each 
side of the equation, 

6 = 1. 

Similarly, equating indices of L, 
a~26 = l, 

therefore a-2 = l or a~Z. 

The dimensional equation becomes 
EL=L3(E/L2) 

and the required equation is 

showing that the torque is proportional to the stress and 
the cube of the diameter. 

Example 2. — To find how the periodic time t oi a 
pendulum varies with the mass m, the length Z, and with g. 

Assume t = 

where C is a constant and a, 6, and c are unknown indices. 
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The dimensional equation is 

T=M»L''(L/T“)‘' 
or T 

Equating indices 
of M, 
of L, 
of T, 

From these equations, 

c = ~ J and 6 — - c = J, 
therefore T=Li(L/T^)“i 

and the required equation is 

«=C(Z/#. 

Example 3. — To find how the deflection y of a beam 
varies with the linear dimensions and the modulus of 
elasticity E, given that y is directly proportional to the 
applied load W. 

Assume y = CWd®E®, 

where G is a constant and d may be any linear dimension 
of the beam, such as span, depth, breadth, thickness of 
a flange, etc. Since E=stress/strain, its dimensions are 
those of stress. 

The dimensional equation is 

L=FL«(F/L2)^ 

or L = Fi+^L«- 2 &. 

Equating indices 

ofF, 1 + 6 = 0 , 

of L, a “26 = 1 . 

From these equations, 

6=“1 and a = l+26=“l. 

. GW 

Therefore y = 3 ^* 

CtHi 


a = 0, 
6 +c = 0 , 
“ 2 c = l. 
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59. Dimensional Method continued — Dynamical Simi- 
larity. — In the examples in the preceding Art. values were 
obtained for ah the indices, but in many cases this is not 
possible. 

Consider the relation 

wliere S, and z are physical quantities, C is a constant, 
and a, &, and c are indices to be determined. Now the 
right-hand side might have to be represented by a series 
of terms instead of by one term. If the values of a, 6, 
and c can be obtained when the right-hand side is taken 
as being one term, it is evident that this one term could 
not be expanded as a series because the separate terms 
would all be identical except for their coeflicients and could 
be added together to make one term. Rut it is not until 
the indices have been found that it is known that there is 
only one term. 

If S is a function of x, y, and 2 , or in symbols 
S = y, z), 

where ^ denotes “ a function of ” (/or E are often used 
instead of ^), it should be assumed that 

8=:=XCx^yh% 

where S denotes that the sum of a number of terms is 
intended and 0 is a constant in each term. 

Physical considerations require that all the terms of the 
series must have the same dimensions as the quantity 
which the series represents, hence the dimensions of the 
function itself may be equated to those of the 

quantity it represents (S). In oases where all the indices 
can be found, the function can be expressed in one term. 

When equating indices it saves space to use the notation 
[M] to denote “ equating indices of M,” and similarly for 
[L] and [T] and other dimensions which may occur. 

It has been stated above that in many cases it is not 
possible to obtain the values of all the assumed indices ; it 
should be noted, however, that it may be possible to 
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determine enough indices to provide sonio useful informa- 
tion, and tliis is the basis of the solution of problems in 
dynamical similarity. In considering dynamical similarity, 
the idea in general is to study the behaviour of one body 
and to predict what will be the behaviour of a similar 
body. Tor instance, information about the design of full- 
size ships can be obtained from experiments on models. 

The examples which follow will help to make the subject 
clear. The first is one in which all the indices can be 
found. 

Example 1. — ^In a grinding wheel of outside radius r 
it is required to find liow the permissible angular velocity 
CO varies with r, with the stress / in the material of the 
wheel and with its density p. (See Grinding Mackinenj 
by J. J, Guest, p. 29. Arnold.) 

Assume co=X«/V”^p", 

where « is a constant and I, m, and n are indices to be 
determined. 

The dimensional equation is 

1 ^/ ML V /MV 

21^1 
l+n—0 
pm - 371 = 0. 


or 

[T] 

[M] 

[L] 


From these equations, 


l = h 

Therefore 


or 


7z = - i, and 



- 1 , 


Regarding the density as constant, the limiting value of 
the circumferential speed cor is proportional to the square 
root of the permissible stress /. 
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Example 2. — ^To find how the deflections y of geometri- 
cally similar beams vary with the linear dimensions d, 
the modulus of elasticity E, and the applied load W. 

This problem is similar to Example 3 in the preceding 
Art., but there it was given that y is directly proportional 
to W. 

Since is a function of W, d, and E, or 
2/ = ^i(W,c5,E), 
assume y = IIAW®c?^E°, 

where A is a constant in each term and a, 6, and c are 
unknown indices. 

The dimensional equation is 

L=:E“L^(E/L2)« 

or 

[L] 6 - 2c = 1 

[E] a + c = 0. 

From these equations, obtaining 6 and c in terms of 
c = - a and 6 = 1 ~ 2a. 

As there are three unknown quantities and only two 
equations, numerical values cannot be obtained for a, 
6, and c. 

Therefore i/=2AW“£?^“^“E"-* 

or 


or 



Both yjd and W/d^E are dimensionless. As the index a 
is unknown, the function of W/q 5^E may or may not be a 
series, but if it is a series each term will be dimensionless 
and the equation will still be dimensionally correct. 

It follows that, in geometrically similar beams, if the 
values of W/i^®E are equal, then corresponding values of 
yjd will be equal. 

For instance, suppose the linear dimensions (d^) of one 
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beam are ten times those {d^) of anc^ther beam, and lot 
and W 2 respectively bo similarly situated loads on the two 
beams. 


Wi Wa Wi W 2 

dfE'dlB (10rf2)“E“dlE’ 


then, if E is the same for each beam — that is, if the beams 
are both made of the same material — Wj must be 100 
times Wg. 


nr 

d^ lOd^ d' 


therefore 


yi = l0y^. 


Example 3. — The resistance to the motion of a ship is 
R = <5ii(Z,v,p,v, gr), 

where I is any linear dimension of the ship, v is the speed, 
p is the density of the water and v is its kinematic viscosity 
(dimensions L^T), and g is the acceleration due to gravity. 
It is required to compare the resistance of a full-size ship 
with that of a model. 

Assume R = Vgf®, 

where A is a constant in each term, and a, 6, c, d, and e are 
unknown indices. 

The dimensional equation is 



or MLT-2 ==La-{&-8c+2ci-t.jVPT~^-^"2«. 

[M] 0^1 

[L] a-l-J-3c4-2d+c=:l 

[T] -b-d-2e--2, 

from which 

c = l, 6=2-d-2e, and a = 2-d + e. 
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Therefore R = E 



The ratio hjv is known as Reynolds^ Number and is 
dimensionless, as is Igjv^. Now function Ijx is also a 
function of x and therefore, writing Reynolds’ Number 
instead of its reciprocal, 

R (h Ig 

pPv^ V ’ 

It should be .noted that both sides of the equation are 
now dimensionless. 

If it is arranged that Ivjv and Igjv^ are each the same for 
a model as for a ship, then R^IpPv^ will be the same for a 
model as for a ship. 

Example 4. — The amplitude of vibration of a rotating 
body is 

h = S AZv®E<C«I^J«cu 

where A is a constant in each term, Z is a linear dimension 
of the body, p is the density, E is the modulus of elasticity, 
C is the modulus of rigidity, I is the moment of inertia of 
a cross-section about a transverse axis through the centre 
of gravity of the cross-section, J is the polar moment of 
inertia of a cross-section, w is the angular velocity, g is the 
acceleration due to gravity, and r, s, Z, u, v, x, y, and z are 
unknown indices. It is required to investigate the motions 
of geometrically similar bodies. 

The dimensional equation is 
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or L = L^~3s-t-M+4t)+4a:+2]yjj»+i+tt'][’-af-2u-j/-2a 

M r ‘-t’-u-\~4:V-\-4:X-\-z~l 

[^] 5 + ^ W == 0 

[T] ^2u - y -^2z~0, 

From these equations 

y—-2t~2u~-2z, 

f 8~ - t-Ui 

i and r~l~2t~2u-4:v--4:x-z. 

Therefore 




=ZSAI 


E 

l^pco 


l^po}' 



J E c_ I J 
^Wpco^’ l^pco^' r IojV 


Dividing by I, the left-hand side of the equation becomes 
Bjl which is dimensionless, and it will of course be found 
that the terms on the right-hand side are also dimensionless. 

Suppose transverse vibrations are being considered, then 
C/Z^po)^ and J/Z* will not enter into the problem and I/Z* 
will be the same for geometrically similar bodies. 

The relationship is now reduced to 


...lY 

z Vz^poi®* Zcuv 

If g/lo)^ can be neglected and if Ejl^pcn^ is the same for 
a model as for the actual body, then B/l will bo the same 
for each. It is not practicable to vary g/lo)^ and Ejl^pcu^ 
simultaneously so that each is the same for a model as for 
the actual body. 

The inclusion of the moment of inertia I as one of the 
variables in the initial equation allows the model to have 
a differently shaped cross-section from that of the actual 
body. Taking Z to represent longitudinal measurements 
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only, then provided Ijl^ is the same for the model as for 
the actual body, the cross-sections need not be similar. 
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Exercises VI 


Check the dimensions of the equations given in Exercises 
1 to 9. 

1. The resistance to the penetration of a pile is given by 




(W +w)d 


where W and w are weights and h and d are lengths. 

2. Power transmitted by a wire rope is given by 

TT-ff Eid _vyiP\{l-n)v 


where H is horse-power transmitted per unit net section of the 
rope, f is maximum stress, E is modulus of elasticity (a stress), 
d is diameter of each wire of rope, D is diameter of pulley, w is 
weight per unit length per unit net section of rope, v is velocity 
of rope, g is acceleration due to gravity, and n = e-i^^ where ^ is 
a constant and 9 is an angle. 

3, The maximum horse-power transmitted by a belt is 


H = 


bt{l-n) 

550 


X 



where b and t are the breadth and thickness, is a numerical 
fraction, / is stress, g is acceleration due to gravity, and w is the 
weight per unit length per unit area of cross-section. 
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4. 

where Q is force, a is length, v is velocity, t is time, Ij and Ig are 
moments of inertia of masses, and tc is a constant. 

5. Horse-power transmitted by a water turbine is 

H.P. % +^2^2 cos ttg} 

where Q is weight of water per unit time, ca is angular velocity, 
g is acceleration due to gravity, and are linear velocities, 
and are radii, and and ag are angles. 

6 . 

d and are angles, o) is an angular velocity, I is the moment of 
inertia of a mass, w is a twisting moment per radian, / is a 
frictional moment, and t is time. 

7. Two of the formulaj for the critical load P on a strut are 

P=^EI aM P=/A|{l+a(^/} 

where I is length, E is modulus of elasticity, I is moment of 
inertia of the area of a cross-section about a transverse axis, 
/ is stress, A is area, k is radius of gyration, and a is a constant. 

8. The periodic time t of the torsional vibration of a shaft 
fixed at one end and carrying a flywheel at the other end is 

, o /»2iT 

where I is moment of inertia of flywheel, I is length, C is modulus 
of rigidity (a stress), and d is diameter of shaft. 

9. The following is a formula which occurred in some research 
work; 

2 ?«(«+/) /l 8m(l + l)f 

where V is velocity, H is a Brinell Number (dimensions same as 
stress), m is mess, p is density, and d, t, and I are linear measure- 
ments. 


10, The frequency of vibration of a stretched wire is given by 
P, m) 
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where I is length, I is stretcliing force, and m is mass per unit 
length. 

Show that / = y A /— 

'' lym 

where A is a constant. 

11. If the periodic time i of a pendulum varies with mass m, 
length Ij the acceleration g due to gravity, and with the arc of 
swing s on one side of the mean position, show that 



where a^sjl is the amplitude. 

12. (a) Supposing that in a fluid flywheel the torque trans- 
mitted is given by 

T, = ^i(N,D,p) 

where N is revolutions per unit time, D is a linear dimension, 
and p is the density of the fluid, show that 


T^ = /cN2BV 

where hi& & constant. 

(i>) If the torque is a function of viscosity (jl as well as of 
N, I), and p, show that 


T,=N^DV^2(/^/NDV). 

The torque also depends on the percentage slip, that is on 

X 100, where N and n are the speeds of the two parts of 

the flywheel respectively, but as this quantity is dimensionless 
it does not enter into the above calculations. 


13. H s = 

whore s is displacement, u is velocity, t is time, and / is accelera- 
tion, show that 

Given u~5, f =>2, and the tabulated corresponding values of 


t 

1 

2 

3 

4 

6 

s 

6 

14 

24 

36 

60 


t and s, plot sjut against ftju and show that 
8 jut = 1 + Iftju or 8 + 
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14. If any deflection y of a whirling shaft is a function of 
length Z, mass m per unit length, modulus of elasticity E, moment 
of inertia I about a diameter of a cross-section, and angular 
velocity a>, show that 

and that this may also be written as 

ij. ( 

fi)' 

15. Given that R = <^i(p, >0 

where R is the resistance to the motion of a body through a 
fluid of density p, v is the velocity, I is length, and v is kinematic 
viscosity, show that 

R^pvH^,Q). 

16. Prove that the resistance of the air to a projectile can be 
written as 



where R is air resistance, p is air density, a is velocity of sound 
in air, v is velocity of projectile of diameter d, and v is kinematic 
viscosity. 

17. Given that 

p, B, C, I,J, <o,g) 

where / is frequency and the other symbols are those used in 
Example 4, Art. 59, show that 

/=mg&2(E/^Vw^ C/^Vto^ I/Z^ J/Z4, gllcj% 



OHAPTEB VII 
BIMPLW HABMONIG MOTION 
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60. Simple Harmonic Motion — ^If a point P (Fig. 88) 
moves with constant speed in a circular path, then a point 
p which is the projection of P 
on a fixed diameter XX' moves 
with simple harmonic motion. 

Put in another way, it may be 
said that uniform circular 
motion looked at edgeways 
appears to be simple harmonic 
motion. 

Let 0 be the centre of the 
circle of radius OP=r, let the 
constant angular velocity of OP be to, and at time t let the 
angle XOP be 9 and let Qp=x, 

Since P is moving with uniform speed in a circular path, 
the acceleration of P is aPr along PO (see Art. 28, p. 47). 
The component of this acceleration, in the direction parallel 
to OX, is --(jd'^x and this is also the acceleration of the 
point p. The sign is negative because the sense of the 
acceleration is towards 0 and the positive direction of x 
is away from 0 to the right. When x is positive the 
acceleration is negative, and when x is negative the 
acceleration is positive. 

The acceleration of the point p is 


d^x 


therefore 


dt^ 

d^x 






( 1 ). 


and this is the equation of simple harmonic motion. 
104 
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Simple harmonic motion need not be in a straight linej 
for instance, a flywheel may oscillate witli this type of 
motion which is also approximately that of a simple 
pendulum. Any body has simple harmonic motion if 
its acceleration is proportional to its displacement from 
the mean position and is directed towards tlie mean 
position. The equation of motion can always be reduced 
to the form given in (1). 

Erom Fig. 88 it is seen that 


x^rooBd . , . ( 2 ), 


and this is a solution of (1), for differentiating with respect 
to t, 


dx 

Tt 


= - r sin d 


dS 

dt 


and - r cos 0 



then substituting the values of -j-r and x in (1), writing 

dd 

w for the angular velocity 


- co^r cos 6 -f* ct> V cos 0 = 0, 

showiiig that (1) is satisfied when x^r cos 0. 

Now suppose 6 is measured from a fixed line OA, the 
angle XOA having a value ^ (Fig. 89), then as before 
d^x 

but in this case 
dt^ 

x=r ooB {9 -h . . . (3), 

and this also is a solution of (1), as may be proved by 
differentiation and substitution. 

Since cos (6 + 4>) ==sin (d + + 90°) 

=sin {$ + </>')) where ^' = ^ + 90°, it 
follows that 

x=r sin (6 + , (4) 

is another way of expressing the 
solution given in (3). Fig. 89. 
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Agaiiij eince cos {6 + 9^) =cos 9 cos ^ - sin 6 sin there- 
fore, substituting in (3), 

x=r (cos 6 Gos (f)- sin 9 sin <f)) 
or a;=A cos sin 0 . . . (5), 

writing A for r cos (j} and B for -r sin (j). Since r, cos 
and sin 0 are constants, therefore A and B are constants. 
The same result could be obtained by expanding (4). 

Equations (3), (4), and (6) are merely different ways of 
writing the general solution of the differential equation (1), 
and whichever form of solution is used, the values of the 
constants are obtained from the conditions given in any 
particular problem. 

Since 9 =wt, equations (3), (4), and (5) may also be 
written 

x==r COB . , . ( 6 ), 

£B=r sin + . . . (7), 

a;=:A cos ojf + B sin . , (8). 

The velocity is obtained by differentiation; for instance, 
from (8) the velocity is 

— - = - a>A sin cot 4 - wB cos cot * , ^ ( 9 ). 

The maximum value of the displacement a; is r and is 
called the amplitude, A journey from X to X/ and back 
to X is called a cycle] but a cycle may start at any point 
and is completed on arrival back at the same point, the 
motion then being in the same direction as at first. The 
time taken to complete one cycle is called the periodic time 
or the period. The number of cycles completed in unit 
time is called the frequency. 

If T is the periodic time and / is the frequency, then, 
measuring co in radians per unit time, 

wT = 27r, T=: 277/0), and /=l/T = 0)/27r. 

Referring to Eig. 88, the angle XOP is called the phase 
angle. The ratio (angle XOP)/27r, which is the same thing 
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as the ratio {time taken to travel from X to p)/{2)cr iodic timc)^ 
is called the phase, but sometimes the term phase is used 
to denote phase angle. The two simple liarmonic motions 
a?! =a cos (co^ + and a;2 = 6 cos (co^ + <^a) differ in phase 
by the angle ^2 - or by (<^2 - 9^1 ) /Stt of a period and either 
of these forms is the phase difference. 

In some problems, instead of using equations (6), ( 7 ), 
or (8), it is convenient to refer back to the corresponding 
circular motion and work from first principles. The two 
methods are illustrated in the examples which follow. 


Example 1, — A body moves with simple harmonic 
motion. The amplitude is 3 inches and the periodic time 
is 5 seconds. It is required to obtain expressions for the 
displacement, the velocity, and the acceleration in terms 
of time t. 

Since a)T = 27 t and T =:5 sec., therefore to= 27 r /5 rad./sec. 

If X is the displacement from the mean position at time t, 
then the equation of motion is 


dH 

dF 


+ a)^x = 0 


d^X 477 ^ ^ 


The solution, using the form given in equation (8), is 
X —A cos + B sin cot, 


and the velocity is 


dx 

dt 


- (oA sin exit + cjiiB cos mt. 


Assuming that time is measured from the instant when 
the body is at one end of its travel, then when ^=0, 

and substituting these values in the velocity equation, 

0 = or B= 0 . 

Hence the equation of motion reduces to 
x=A cos o)t. 
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The amplitude is 3 inclieSj so a; = 3 when ^ = 0, therefore 
A = 3, 

Therefore a; = 3 cos a)iJ = 3 cos— < inches, 

6 

, . dx Ott . 27r . , 

velocity sin ~-t m./sec., 

5 6 

d^x 2 it. 

and acceleration — = - cos ~t in./sec.®. 
dt^ 25 6 

The same results could have been obtained by using 
equations (6) or (7). 

Example 2. — A. ship is rolling with a period of 10 seconds. 
A man at the masthead 100 feet above the deck is swung 
to and fro 25 feet on either side of the vertical with a 
motion which is approximately horizontal and simple 
harmonic. The man weighs 200 lb., and his horizontal hold 
failing at 60 lb. he is thrown off the mast. The width of 
the deck being 80 feet, prove that he falls clear of the ship. 
[Assume = 10 and <7 = 32 f.s. units.] [C.U.] 

Since force = mass x acceleration, or P=M/, the accelera- 
tion of the man when his hold fails is 


g rad./sec. 

The amplitude is 26 ft., therefore the maxinaum hori- 
zontal acceleration of the masthead is 

26a.« = =: 10 ft./seo.». 

Since acceleration is proportional to the displacement 
from the mean position, it follows that the man loses his 
hold when he is x 25 or 20 ft. from the mean position, 
and this is approximately 40 - 20 or 20 ft. from a vertical 
line at the side of the ship (Eig. 90), ignoring the slopes of 
the mast and the deck. 


- = 8ft./sec.2. 


Now T = 10 sec., coT =27r, therefore m = — = 

10 



SIMPLE HARMONIC MOTION 


100 



TLe linear velocity of the corresponding circular motion 
(Eig. 91) is 26o) and, resolving horizontally, the velocity of 

PM 

the man at the instant he loses his hold is v=25ca:=^* 

PN 

PM P» 

Prom the similar triangles PMN and PpO, 

Therefore 


_ Pp V(202" 

= 250 .^- 200 . ~ 


202 ) 


= 15ctj = 15 X -—Stt ft. /sec. 


The time taken to travel horizontally another 20 ft. at 
20 

this velocity is — sec. 

077 

Let h be the distance fallen in time ty then 
20 / 20\2 

When t = — , A = J X 32( — ) = 71 ft. approximately. 

377 \377/ ^ 

Therefore'the man has fallen 71 ft. by the time he is over 
the side of the ship, and since he is then 100-71 =29 ft. 
above the deck it is evident that he will fall clear of the 
ship. 

61. Simple Pendulum. — A particle A of mass w, sus^ 
pended from a fixed point 0 by a light string OA of length 
X swings in a vertical plane through a small angle a on 
each side of the vertical OY (Pig. 92). It is required to 
find the equation of motion and the periodic time. (The 
magnitude of the angle a is discussed at the end of 
Art. 63.) 


no 
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Suppose that at time t the displacement of the particle A 
from its mean position Y is s, measured along 
the arc YA, and that the angle YOA is 6. 

Since s=^l6, differentiating twice gives 

— and this is the acceleration of the 

particle along the tangent at A, the direc- 
tion in which s increases being regarded as 
positive. 

The weight of the particle is w=^mg and its 
component along the tangent at A is mg sin 9 
acting in the negative direction. 

Now force =mas8 x acceleration, 

therefore 



- mg sin 6 = 
dW g . 




9=0. 


When 9 is small, sin 9^9 ai^proximately, then 


and this is the equation of simple harmonic motion. 
By comparison with the standard form 


dt^ 




0 , 


it is seen that co^^gjl or w = Viffft)’ 

Therefore, provided the amplitude a is small, the 
periodic time 

T = 27r/cu=27rv'(V^). 

62. Bifilar Suspension. — A plate weighing 2W lb. is 
suspended by two vertical strings a distance 2a apart and 
each of length I (Eig. 93). The centre of gravity is mid- 
W’ay between the points of attachment of the strings and 
in the same horizontal line. The plate is turned through 
a small angle about the vertical axis through the centre 
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of gravity and is then released. It is required to investigate 
the subsequent motion. 

Taking time and angular displacement as zero when the 
position of statical equili- 
brium is reached, suppose 
that at time t the plate has 
turned through an angle 6^ 
the force in each string is F, 
and that each string then 
makes an angle ^ with the 
vertical. 

Since 9 and ^ are small, 

1(f) =a6 or (f—aO/l approximately* Neglecting vortical ac- 
celeration, the vertical component of the force F in each 
string is equal to W, half the weight of the plate, and 
the horizontal component is approximately W^, which 
produces a torque on the plate equal to W^a. 

If Tj is the torque on the plate at time t, then 





2W, 


If 1= — is the moment of inertia of the plate about 
9 

the axis of rotation, then since the torque is negative 
when 6 is positive 


T.= -I 


.d^e 


Therefore 


di^ 
2Wa^e 
I 


■ g dfi 
2W,ji^e 


d^9 ga^ 


= 0 


which is the equation of simple harmonic inotion. 
By comparison with the standard form 

d^d 
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and periodic time 



63. Simple Pendulum— A Closer Approximation to the 
Value of the Periodic Time. — The equation of motion for a 
simple pendulum is, from Art. 61, 


9 > ^ ^ 


which is true for all values of 9. The solution of this 
equation involves an elliptic integral which cannot be 
evaluated exactly and the answer is obtained in the form 
of a series, the degree of approximation depending on the 
number of terms used. 

Only the main steps of the working are indicated, and 
those readers who are not interested in the mathematics 
may pass on to the final result. 

d6 

Multiplying the equation by 2-- and integrating, taking 
the amplitude as a, then 

dd l2g , 

■j^ =^ y(oos«-oos a)i. 


Q 

Since cos 0 = 1 - 2 sin® - and cos a = 1 ~ 2 sin® 

2 2 


dS 

dt 


.iT 

Integrating, | 

Jo 




g I sin® " - sin- 

2 2 , 

•where T is the periodic time. 

9 a 

Putting sin ^=6 sin <l>, where 6= sin it can be shown 
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Expanding by the binomial theorem and integrating 
term by term gives 




22.42 22.42.62 22 . 42 . 02.82 ^ 




where, as already stated, 6 -sin ^ and a is the amplitude. 

Jit 

It can be seen now that the periodic time T is not inde- 
pendent of the amplitude a. 

Denoting the expression in brackets by E, then 

T=2,7^xP, 

and E, being a function of the amplitude a, may be called 
the amplitude factor. 

When a — 10®, 

E = 1 + 0'001899 + 0*000008 + 0-000000 = 1-001907, 

therefore T = ^ 1-001907, 

and the error is loss than of 1 per cent, when the factor E 
is omitted. Evidently an 
amplitude of 10® might 
fairly be described as small 
when the periodic time is 
being calculated, and in 
this case the theory of Art. 

61 is sufficiently accurate. 

The graph of E plotted 
against a is shown in Eig. 

94. When E=:l-01, the 
value of a is about 23®, 
so for this angle the error 
in the simple formula 
T=277-V(V^) is about 1 per 
cent. When a — 60®, the 
error is about 7 per cent. 



Fig, 94. 


H 
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Exercises VII 

Take g = 32*2 ft./sec.^ 

1, In a certain problem the equation of motion is 

Ma 

1'24~ +458^=0, 

the unit of time being the second. Show that the motion ia 
simple harmonioj by comparing the given equation with the 
standard equation, then find the periodic time and the 
frequency. 

2, A body moving with simple harmonic motion has a frequency 
of 141 cycles per minute. Using foot and second units, find 
expressions for the displacement x to satisfy the given conditions 
in the following cases: — 

(i) When i -0, a: ft., and ^ =0. 


(ii) When i==0, a;=0; when sec., = J ft. 

(iii) When ft., and ft./sec. 

3. If in simple harmonic motion the maximum velocity ia V, 

the amplitude is a, and the velocity is v when the displacement 
from the mean position is x, show that i; = ±V'\/(l ^ 

u=4 ft./sec. when x = l ft., and v = 2 ft./sec. when a; = 1*5 ft., 
find the values of a, V, and the periodic time T. 

4. A body moving with simple harmonic motion has a maxi- 
mum velocity of 25 ft./sec. Find its velocity (i) when it is a 
distance equal to half the amplitude from its mean position, 
(ii) when it lias travelled from its mean position for half the 
time it takes to reach an extreme position. 

5. A body moving in a straight line with simple harmonic 
motion has a maximum acceleration of 10 ft./sec.^ and performs 
100 complete oscillations a minute. Find the amplitude and the 
maximum velocity. 

6. The reciprocating parts of a single cylinder engine have a 
mass weighing 11*4 ib. and the length of the crank is 4*25 inches. 
Neglecting the obhquity of the connecting-rod and taking the 
engine speed as 2400 r.p.m., find the maximum velocity and the 
maximum acceleration of the piston; also find the maximum 
accelerating force. 
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7. A body weighing 10 pounds is suspended by a helical spring 
which is fixed at its upper end (Fig. 95). The spring is 6 inches 
long when unloaded and 8 inches long when carrying 
the load. The body is pulled down a distance of 
0*75 inch and released. Find the periodic time of the 
vibrations and the maximum velocity of the body, 
assuming that there is no air resistance and neglecting 
the mass of the spring. 

8. A body is moving harmonically and makes 20 
oscillations a second. Find its greatest velocity if the 
distance between its extreme positions is 4 inches. 
Determine its velocity and acceleration when 1 inch 
mid-point of its motion. 

A flat plate with bodies resting upon it begins to osciUate ver- 
tically through a distance 4 inches : determine within what limit 
the number of vibrations per minute must be kept if the bodies 
upon the plate are not to be thrown ofi by the vibration. [C.U.] 

9. If a point moves with S.H.M,, show that the graph connect- 
ing its velocity with distance along its path may be represented 
by a circle, if a particular scale is chosen for tho velocity ordinate. 

Show also that, during motion from one end of the travel to 
the other, the mean velocity with respect to the distance is 



Fig. 95. 
from the 


^ times the maximum velocity, and with respect to the time 
4 

2 

is - times the maximum velocity. [C.U.] 


10. Two axes Oa; and Oy are respectively horizontal and 
vertical. On Oa; a point P moves with simple harmonic motion 
(S.H.M,), the mean position being 0. A point Q similarly 
describes S.H.M. on the axis Oy. Each point makes a complete 
oscillation in one second, and the maximum displacement from 
0 in each case is 1 foot. The motions are so timed that when Q 
is at 0 (moving downwards), P is at the maximum distance to 
the right from 0, i.e. 1 foot. Show that, relative to Q, P 
describes a circle with uniform angular velocity. Show also that 
the acceleration of P with respect to Q is constant in magnitude 
(but not in direction), and give its numerical value. 

11. For a simple pendulum having a small amplitude the 
periodic time is approximately T = 27r\/ (l/ff). Taking logarithms 
and differentiating, show that 


ST SI Sg . . 1 , 

"T "22 ”4 approximately, 

where ST, 8Z, and Sg are small increments in T, I, and g 
respectively. 

Find the periodic time of a simple pendulum whose length is 



116 


ENGINEERING MECHANICS 


36 inches, and then find the increase in the periodic time due to 
an increase of ^ inch in the length. 

12. Calculate the length of a clock pendulum whose periodic 
time is 2 seconds. If the length is increased by 0*2 per cent., 
find the number of seconds a day the clock would gain or lose, 

13. A homogeneous disc of uniform thickness and 6 inches in 
diameter is suspended with its axis vertical by two vertical light 
threads 2 inches apart. The threads are 2 feet long and are 
symmetrically situated with regard to the centre of the disc so 
that each bears half the weight. 

The disc is turned about its axis through a small angle and 
then released. Show that the resulting motion is very nearly 
simple harmonic, and find the time of a complete oscillation. , 

If the disc is replaced by one of twice its diameter, find the 
new time of oscillation. [C.U.] 

14. Find the value of the amplitude factor F, correct to four 
places of decimals, in the formula T = 27 T(Z/f?')lF when the 
amplitude is 30®. 



CHAPTER VIII 
ANALYSIS OF CAMS 

64. Internal- Combustion Engine Cams. — The cams dis- 
cussed in this chapter are of the types used for operating 
the valves in internal-combustion engines, whore the cams 
rotate and give reciprocating motion to the tappets and 
valves. A small clearance between a valve and its tappet 
ensures that the former closes properly on to its seat when 
the engine is hot, but when the tappet has moved through 
a distance equal to the clearance and touches the valve 
stem, then the two pieces move together and continue to 
do so until the valve closes again. In general the tappet 
and valve will be briefly described as the follower. 

Mathematical expressions are found for the displacement, 
velocity, and acceleration of the follower, the velocity and 
acceleration being obtained by differentiation. It is im- 
portant to have a knowledge of tlie acceleration in order 
that a suitable valve spring may be designed to deal with 
the inertia forces. 

Problems on cams which are used for various purposes 
are included in the exercises at the end of this chapter. 
A vector method is given in Ex. 8, p. 131, and this should 
be studied carefully. 

65. Types of Cams. — The cams which will be analysed 
are shown in Figs. 96 to 99. Each cam rotates about a 
centre 0 with a constant angular velocity, and a follower F 
reciprocates along an axis passing through the centre 0. 
In Fig. 96 the follower has a flat foot which bears on the 
cam, but in each of the other three types the contact is 
between the cam and a roller which is attached to the 
follower. The profiles of the cams are made up of circular 
arcs except in Fig. 97, where AB and A'B' are straight 

117 



118 


ENGINEERING MECHANICS 


lines. The cams will be called straight, convex, or concave, 
according as the lines AB and A'B' are straight, convex, 
or concave. 

66. The Cycle of Operations. — The motion of the follower 
E (Figs. 96 to 99) begins when the contact between it and 
the cam is at A. As the cam turns and the contact moves 
from A to B, the cam accelerates the follower, and the 
velocity of the latter reaches a maximum when the contact 
is at B. From B to E) the follower is retarded by a spring. 



not shown, so that the velocity is zero when the contact is 
at D and the follower has its full lift. The arc BB' 
(Figs. 97 and 99) has its centre at 0, the centre of rotation, 
therefore the follower is at rest whilst the contact is on 
this arc. The period of rest is sometimes called a dwell. 
In Figs. 96 and 98 the points B and B' coincide and so 
there is no dwell at full lift. 

From B' to B' the follower is accelerated downwards by 
the spring and has its maximum velocity at B^ Finally 
the cam retards the follower from B' to A', and at A! the 
follower is again at rest. From A^ to A the follower 
remains at rest and then the cycle begins again at A. 

The cams shown are symmetrical, and therefore in each 
case it wiU only be necessary to examine the motion of the 
follower whilst the valve is opening. Any modification of 
the dimensions on the closing side of the cam would, of 
course, require investigation in practice, but the same sot 
of equations would be used with different constants. 
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In the Articles which follow, AB and BD will be described 
as the first ourve and sscond cuwe respectively. 

67. Convex Cam with Hat-Footed Follower.— The cam 
is shown in two positions in Figs. 100 and 101. The 
centres of the first curve AB and the second curve BD are 
at Cl and Cg respectively, and the various radii are as 
indicated. The length OB, although not a radius in this 
case, is marked because in two other examples the cams 
are drawn with a dwell at full lift. To ensure smooth 



running, any two connected arcs should be drawn so as 
to have a common tangent at the Junction. 

First Curve AB (Fig. 100). Let h be the lift of the 
follower when the cam has turned through an angle B, 
taking d as zero when the contact is at A. On account of 
tappet clearance, the valve lift will be less than the tappet 
lift by an amount equal to the clearance. Let the angle 
AciB be $ 1 . 

Lift ^ ” ^*3 - (rg - ri) cos B-Vi 

= - cos B), 
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, . dh dh dd 

Velocity 

=-(r3-n)sm0. 

. , . . dv dv dd 

Acceleration -rr = 7;; tt 


dt 


d6 dt 
d_& 
dt 


I cos 6. 


These three equations hold from ^ = 0 to B~6i, The 
acceleration will have its greatest value when cos ^ is a 
maximum — that is, when 0~Q. 

Second Curve BD (Eig. 101). Let the angle AOD be 


Lift 

Velocity 


h = (fg - r^) cos {B^-B)-\-r^~ 
dh dh dB 
^ dt ~^d0 dt 


dS 

dt 


{Ts-Ti) sin {0^-6), 


, , , . dv dv dB 

Acceleration 

dt . dB dt 



cos (^ 2 -^)- 


These three equations hold from B = Bi to B — B^. The 
acceleration will have its greatest value when cos (^2 - ^) 
is a maximum — that is, when B~B^. 

To keep the follower in contact with tlxe cam whilst the 
second curve is in operation, a spring is required which 
will give to the follower a downward acceleration which is 
not less than 

fd6\^ 

when e = 

and not less than 


.dtj 


{r^-r^) cos 


when 
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The total lift is - r^, and the value of the lift when 
6 = 6;^ may be calculated from eitlior of the lift equations. 

dd 

Units , — ^If the uniform angular velocity of the cam, — , 

is in radians per second and the radii are in feet, then 
the lift h will be in feet, the velocity will be in feet per 
second, and the acceleration will bo in feet per second 
per second. 

68. Spring Force. — Given the acceleration and the mass, 
it is required to find the force. If the spring force is P when 
the acceleration is /, and if M is the mass of the follower, 
including the spring washer, etc., and one-third the mass of 
the spring, then the spring force may be calculated from 
the formula 

P=M/. 


69. Straight Cam with Boiler Follower. — In Figs. 102 
and 103 the centre s of the roller moves along the straight 
line OF; also, relative to the cam, the point s moves along 
the straight line A^Bi and the circular arc BxDj. Taking 
the radius of the roller as then A^Bi is parallel to AB 
and at a perpendicular distance from AB, and the 
radius of the arc BiDj is r 2 +r 4 where n is the radius of 
the arc BD, both arcs being drawn with centre Ca- If the 
follower made point contact or knife-edge contact at s 
with the cam AiBiBi, then AiBiDi is the equivalent cam 
which would give the same motion to the knife-edge 
follower as is given to the roller follower by the cam ABD. 

First Curve AB or AiB^ (Fig. 102). Let h be the lift 
when the cam has turned through an angle 6 and let the 
angle AjOBi be 

Lift h = 

cos d 


Velocity 


dh dh d6 
dt dd dt 


dj 

dt 


(ri+r^) 


tan 9 
cos 9 
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Acceleration 


dv 

dt 


dv dd 
d& dt 

dt 


(n+»'2) 


l + 2 tan^ e 
cos 6 


■ These equations hold from 9 = 0 to 6 ~6i. As 6 in- 
creases, tan 6 increases and cos 6 decreases, therefore the 
acceleration increases and its value wiU be greatest when 



Second Curve BD or B^Di (Eig. 103). The cam is shown 
with a dwell at full lift, but this does not affect the analysis. 
Let the angle AxOBi be 6^ and let the angle OaC^ be if/, 
a variable; also, to shorten the work which follows, let 
r^-r^=d and r 2 + ri = e. 

From the Figure, (r^ + 7 * 4 ) sin ijj={r^-r^ sin (^2 ~ 
or . e sin sin (^2 - d), 

therefore sin ^ = ^ sin {9^-9) 

and cos ^ = (1 - sin^ \j})^ 



ANALYSIS OF CAMS 

Lift ^ = cos (^2 “ ^) +e cos (rj +r 2 ) 


123 


Velocity v - 


d cos (^2 - ^) + {e^ - d^ sin^ {B^ ~ 6)}^ - {r^ + r^). 
dh dh do 
dt dO dt 

d^ s in 2(^2 - 6 ) T 

2{e2 - ain^ {0^ - 0)f \ * 


~dtl 


d sin (^2 -&) + 


. ^ dv dv dO 

Acceleration ■— = -r- 

dt do dt 


'^y 

dt) 


-d cos (^2 


cos 2(^2 - 6) 

d^ sin^ 2(^2 ~ 0) 


4{e2-.e?2 


iL_l 

-wJ 


which after simplification 


’^V 

m) 


d cos (^2 - 0) + 


d^e^ cos 2(^2 -0)-Vd'^ sin^ {8^ ~ 0)}' 


]■ 


{e^-d^nin^ {0^-9)}^ 

These equations hold from 6 = 6ito 9 = 9^, Whether the 


acceleration has its greatest value when 9 
6 = 9^ depends on the values 
of d and e. The graphs in 
Fig. 108, Art. 72, illustrate 
this fact. 

70. Convex Cam with Roller 
Follower. — In this case the 
first curve AB is a circular 
arc with centre Ci and of 
radius (Fig. 104). The 
equivalent cam is AiBiD^ as 
described in the preceding Art., 
except that here the part AiB^ 
is a circular arc with centre Ci 
and of radius +f2* 

First Curve AB or A^Bi. 

Let h be the lift when the 
cam has turned through an Fia. 104. 


or when 
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angle 9, let the angle AiOBj be and let the angle 
OsCi be a variable; also lot r^-Ti — a and rs-\-r^ = b. 
From the Figure, {r.^ +ra) 0 = (^ 3 -^ 1 ) sin 9, 

or 6 sin sin 0, 


therefore 


sin 




a . 

=7- sm 
0 


9 


and cos = (1 - sin^ <j>)^ =^( 6 ^ -* sin^ 9)^, 

Lift =6 cos - a cos 0 - (ri + 

= - a cos 0 + {6^ - sin® 0}^ - (r^ + rg). 


_ . dh dJidd 

Velocity. =^=-^ 


_^d9 

"dt 


a sin 0 - 


a® sin 29 
2{£i® - a® sin® 9)^. 


Acceleration ~ = 
dt 




dv d9 
do dt 

a cos 6 - 


a® cos 20 


sin® 29 


(6® - ct® sin® 6)^ 4(6® - a® sin® ( 


which after simxdification 


=©■[• 


cos $ 


a\h^ cos 20 -fa® sin^ 9) 
(6'® - a® sin® 0)1 


These equations hold from 0 = 0 to 0 = 0i. 

Second Gurve BD or BiBi. The equations are the same 
as those obtained for the second curve of the straight cam 
with the roller follower in the preceding Art. 


71. Concave Cam with Roller Follower.— The concave 
cam (Fig. 106) is the same aS the convex cam (Fig. *104) 
except for the change of position of Ci, the centre of the 
first curve AB. Therefore the formulae derived for the 
first curve of the convex cam with roller follower (Art. 70) 
may be applied to the concave cam by changing the sign 
of the radius r^. However, for the sake of clearness, the 
analysis will be outlined for the concave cam. 
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First Curve AB or AjEi. Let the angle AjOBi be 
and let the angle F^Ci be <j}, a variable; also let r^+Vi^^a 
and ?*8 ~ rg ™ b. 

Now (r 3 - r 2 ) sin ^ = (r^-\- r^) sin 0 

or 6 sin =a sin 

therefore cos ^ — sin® 6}^, 

b 

Lift 7i=a cos ^ -6 cos - (fi+rg) 

— cc cos B~ {6® - a® sin® df - {r^ +^ 2 ). 



These equations should be compared with the corresponding 
equations for the convex cam with roller follower. (If r^ 
had been made negative in the convex cam equations, then 
= or ~a, and -r^-^-r^—b or r^~r^ — -6. 

With these changes, the convex cam lift equations give the 
concave cam lift.) 

Since there are only two alterations in sign, the velocity 
and acceleration equations will be as follows: 


V 


dtl 


u® sin 28 


Velocity 


12G 
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Acceleration ^ = 
at 




a COS d + 


a\b^ cos 20+^2 sin^ Qy 
{h^-a"^ sin^ 6)^ 


]■ 


As before, the three equations hold from 0 = 0 to 9~9-^. 
Second Gurve ED or The equations are the same 

as those obtained for the second curve of the straight cam 
with roller follower (Art. 69). 


72. Graphs of Lift, Velocity, and Acceleration. — The 
graplis * shown in Eigs. 106 to 108 refer to two concave 



cams having roUer followers, 
each of the three Figures 
concern a concave cam and « . 
roller having the follow- ^ 
ing dimensions: ri = 14'76 "p* 
mm ., ^2 = 7-5 mm., ^3 = 35-0 ^ 
mm., r 4 = 6’0 mm., and ^ 
r6=:24*5 mm. The crank- p 
shaft speed is 1400 r.p.m., 2 
and so the camshaft ^ 
speed is 700 r.p.m. The 8 
maximum tappet lift is ^ 
7*5 -ri=24-5- 14*75 = 9-76 
mm. The lift, velocity, 

* From an article, " Internal -Coml 
Enginmring, May 25, 1923. 


The curves labelled 1 and 2 in 



iion Engine Cams,” by B. B. Low, 
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and acceleration are given by the curves labelled 1 when 
the first curve of the cam is in operation, and by the 
curves labelled 2 when the second curve of the cam is 
in operation. The other cam and the curves 3 will be 
mentioned in the next Art. 

The clearance between the tappet and the valve stem 
is 0-2 mm., or 0-0079 inch approximately. The clearance 
angle, or the angle through which the cam turns whilst 
the clearance is being taken up, is found by calculation 
from the lift equation to be 6° 41'. The question of 
clearance is important because the cam should be designed 
so that it begins to open the valve at the right moment. 

At B the valve has its maximum velocity and there is a 
sudden change from positive to negative acceleration. At 
D the valve is fuUy open, its velocity is zero, audits accelera- 
tion is as shown. This particular cam was designed to 
turn through an angle of approximately 111° whilst the 
valve is in operation. Therefore half the cam angle is 
6° 41'-t-55° 30' =61° 11'. By calculation, using the given 
dimensions of the cam, 0i = 22° 6' (the angle at B on the 
curves) and 02 = 51° 53' (the angle at D on the curves). 

Since 02 is less than half the cam angle, there is a dwell 
at full lift. The angle turned through by the cam during 
the dwell is 2(61° 11' - 61° 53') = 18° 36'. 

A valve spring is needed to provide the moving mass 
with the negative acceleration shown at the point Bg. 
The spring will provide more than enough acceleration at 
the point D, but this cannot be avoided. The spring force 
is referred to in Ex. 12, p. 131. 

73. Elimination of Dwell by Increasing Lift.— -It is shown 
in Fig. 109 how a dwell at full lift may be eliminated by 
increasing the lift. Before the design is altered, the 
second curve is BB with its centre at O2 and its radius is 
CgB. The lift is complete at T> and the dwell begins. To 
make the alteration, let BOg be produced to intersect the 
centre line OE at C3, then with centre C3 and radius O3B 
draw the arc BE, as shown dotted in the figure. Mi^ith 
BE as the second curve of the cam, the lift is complete at 
E, on the centre line, and there is no dwell. 
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Before examining the effects of the alteration, the length 
CgB must be known. Eor the cam having the dimensions 
given in the preceding Art., C 2 B=r 4 = 6 mm. Half the 
cam angle is the angle AOE, 
which is 61° 11'. The length 
CgCg is approximately 3 mm., 
which will be taken as the 
exact value, then CgB =9 mm., 
and by calculation the angle 
AOE is found to be 61° 5', 
wliich is near enough to its 
given value. 

By calculation the maximum lift, OE - 
12*1 mm. With the original cam the maximum hft was, 
9*75 mm., therefore the increase in lift is 12*1-9*75 
— 2*35 mm. Allowing for clearance, the increase in lift is 



Fia. 109. 


-OA, is equal to 


2*35 

Now examine Figs. 106 to 108 and compare the curves 
labelled 2 and 3. The curves 3 refer to the cam with the 
increased lift. The point which the author wishes to 
emphasise is that the increased lift actually gives a re- 
duction in the retardation. In foot and second units the 
value at Bg is 990, but at Bg it is 584 and at E it is 655. 
Therefore the spring force required at the beginning of the 
second curve (that is, at the point B on the actual cam in 

Fig. 109) is reduced to , or 59 per cent., of its original 
990 

value and this is certainly an advantage. 

Increasing the lift of a valve might cause it to foul the 
cylinder-head or the piston; also the bearings of the cam- 
shaft would have to be slightly larger in diameter to clear 
the cams if the camshaft is assembled by being pushed 
through the bearings from one end. Whenever it is 
possible, however, it is evident that dwelt should be 
eliminated by increasing the radius of the second curve of 
the cam, because the increased radius reduces the retarda- 
tion to be provided by the spring and enables a weaker 
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spring to be used. Another point is that an increase in 
lift should make it possible to get more mixture (burnt or 
unburnt) through the valve. 

In conclusion it may be remarked that the reader who 
wishes to find further information concerning the relative 
advantages of the various cams may refer to the article 
already quoted in the footnote on p. 126. 

Exercises VIII 

1. A cam with a flat-footed follower has the dimensions shown 
in Fig. 110 which is not drawn to scale. The curves AB and BD 
are circular arcs. Find the radius r of the curve AB and also 
the angle 6-^ through which the cam 
turns whilst this curve is in operation. 

Assuming that the cam rotates at 
1000 r.p.m., find the accelerations of 
the follower when contact is at the 
points A, B, and D. 

2. In Fig. 110 the contact between 
the cam and the follower begins at 
the point A and moves to the right, 
assuming that the cam rotates in an 
anticlockwise direction. Provo that 
the contact reaches its extreme right- 
hand position at the point B. 

To reduce uneven wear on the under surface of the flat foot of 
the follower, this foot is often circular, and the follower is made 
to rotate about its vertical axis by being offset from the central 
plane of the cam. 

If the vertical axis of the follower passes through the axis of 
the camshaft and is inch from the central plane of the cam, 
calculate the greatest distance from the vertical axis of the 
follower at which wear can occur on the foot, taking the thickness 
of the cam as -I inch, the radius r=4 inches, and the angle 
di==13^ 

3. A valve of a four-stroke engine is open whilst the crankshaft 
turns through 220° and is fully open during 28°. The times of 
opening and closing are equal, and the crankshaft speed is 1800 
r.p.m. The lift of the valve (neglecting clearance) is | inch, and 
the acceleration and deceleration are uniform. 

(a) Find the value of the acceleration if the valve has its 
maximum velocity at half lift. 

(h) Calculate the lifts corresponding to the camshaft angles 
6°, 12°, 18°, 24°, 30°, 36°, and 42°. 

I 
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(c) Plot curves of acceleration and lift on camsliaft angle 
bases, from 0“ to 

4. The profile of a cam is a circle of 3 inches diameter, and the 
centre about which it rotates is inch from the centre of the 
circular profile. The follower is provided with a flat palm, at 
right angles to the line of stroke, which bears directly on the 
cam surface. The line of stroke is horizontal and passes through 
the centre of rotation. The weight of the parts actuated by the 
cam is 5 lb., and a spring is fitted to maintain contact between 
the cam and the follower. The spring exerts a force of 8 lb. at 
the beginning and 20 lb. at the end of the out-stroke. 

(а) Obtain an expression for the acceleration of the follower 
in terms of the cam angle. 

(б) Pind the greatest speed at which the arrangement will 

run satisfactorily. [U.L.] 

5. Find the greatest speed at which the mechanism in the 
preceding exercise wiU run satisfactorily if the line of stroke is 
vertical : {a) when the follower is above the cam ; 

(6) when the follower is below the cam. 

6. A fuel injection pump of variable stroke 
is operated by a compound cam controlled by 
a governor. Reduced to its essentials, the 
mechanism is as shown in Eig. 111. 

A, B, and 0 are the respective centres of the 
shaft which operates the pump, a disc fixed to 
the shaft, and an eccentric sheave mounted on 
the disc. The sheave can be turned round the 
disc by the governor mechanism and in this way 
the throw of the cam can be changed. The 
stroke of the pump is small compared with the 
total throw of the cam, and the return stroke, 
which is effected by means of a spring, is hmited by the stops 
shown in the figure, AB and BO are each equal to 1 inch, and 
the stroke of the pump is inch when the 
angle ABC is 120°. 

Through what angle must the sheave be 
turned in order to reduce the stroke to ^ inch ? 

By what fraction of a revolution of the shaft 
wiU the period of injection be retarded? 

[B.E.] 

7. A petrol engine, working on the usual 
Otto cycle, has a straight-sided valve cam A 
of the form shown in Fig. 112: the roller B 
is constrained to move in a vertical path. 

The mass of the roller together with aU the 
parts which move with it is 8 oz. Show that when the engine 
is running at 2400 revolutions per minute there is a sudden 
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change of acceleration equal to about 8000 feet per second per 
second, at the instant when the roller passes from the straight 
flank on to the curve of smaller radius, and that a valve spring 
giving a force of over 61 lb. weight is necessary if the roller 
is to remain in contact with the cam throughout the lift. [C.U.] 

8. A cam rotates with uniform angular velocity a» about a 

fixed centre A and operates a roller whose centre C moves on a 
straight line through A, the point of contact being P. If B is 
the centre of curvature of the cam at P, show that the acceleration 
of C is given by cu^AZ where Z is obtained as follows : CB meets 
the line through A perpendicular to OA in N, K is a point on 
GB such that BN2 = BC.BK and KZ is drt — V 

CB to meet OA in Z. Show also that in the ^ 

the cam surface at the point of contact is fiat, KN ==]srO. [O.U.] 

9. A cam rotating uniformly about A (Fig. 113), with an 
angular velocity co, gives a reciprocating motion in a vertical 
line through A to a rod PF, the rod being 
kept in contact with the cam by a spring. 

The part PD of the profile of the cam is an 
involute of the circle ■with radius AC, the 
part EP is straight, and the angles EPC and 
PCA are right angles. Prove that in the . 
position shown the change of acceleration of 
P due to the change of curvature of the cam 
is given by cu^AP sec^ 6. [O.U.] 

10. The fuel pump of a two-stroke oil 
engine is operated by a cam on the engine 
crankshaft. The tappet clearance is such Fia. 113. 
that the cam makes contact during 60° of 

the revolution of the engine crank. The motion of the pump 
plunger during this time is simple harmonic. The plunger and 
its attached parts weigh ^ lb., the stroke is f inch, and the oil 
pressure produces a load of 80 lb, on the plunger at the end of 
its stroke. What is the greatest force that must be exerted by 
the spring in order to maintain contact between cam and roller 
when the engine runs at 900 r.p.m. ? [U-I'-l 

11. As explained in Art. 72, the curves 1 and 2 in Figs. 106 to 

108 concern a concave cam 'with roller follower, and the dimensions 
of the mechanism, in millimetres, are as follows: 14*75, 

rg = 7*5, rg == 35*0, = 6*0, and r, = 24*6. Show that d ==22° 6' at 

the points B on the curves, and calculate the corresponding lift 
of the tappet. 

12. Referring to the preceding exercise and Fig. 108, calculate 
the acceleration at the point Bg, taking the crankshaft speed to 
he 1400 r.p.m, and = 51° 53' ; then assuming that the weight of 
the valve and tappet, etc., is lb., find the least spring force which 
is required at this point to prevent the tappet leaving the cam. 
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CHAPTER IX 

MOTION OF niGID BODIES IN TWO DIMENSIONS 

74. Definitions— d’Alembert’s Principle. — If a force P is 
applied to a particle of mass m and gives it an acceleration 
f, the direction of the force and the applied effective 
acceleration being the same, then P=m/ 

(Pig. 114). The force P is called the — — y 
force and the product mf is called ^ 

the effective force. If the elective force 
were reversed, then it would be in equilibrium with the 
applied force. 

A rigid body may be defined as one in which the distances 
between the particles of which it is composed remain un- 
changed by the action of applied forces. Actually there 
is no such thing as a perfectly rigid body, but in many 
practical problems it is sufficiently accurate to regard a 
body as being rigid. 

When applied forces accelerate a rigid body there are 
also internal forces and effective forces acting on every 
particle of the body. By what is known as d* Alembert's 
'principle the internal forces are in equilibrium amongst 
themselves, and the applied forces are in equilibrium with 
the reversed effective forces. Alternatively, it may be said 
that the effective forces form a system which is equivalent 
to the system of applied forces. 

In the figures in this chapter the effective forces are not 
shown reversed, but there will be no difficulty in distin- 
guishing between an applied force and an effective force 
because the latter is the product of a mass and an 
acceleration. 

To save space the fluxional notation is used for denoting 
velocity and acceleration (see Art. 6, p. 6). 

]32 
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75. Equations of Motion — Considering Applied and Effec- 
tive Forces.— Suppose a body BC (Eig. 115), of mass M, 
moves due to the action of applied forces Pg, Pg, etc., 
then it will be shown that — 

(1) The centre of gravity G moves as though the whole 
mass M were collected at G and all the applied forces were 
transferred to G with their lines of action parallel to their 
given lines. 

(2) The body turns about its centre of gravity G, under 
the action of the given forces, as though G were fixed. 




Let the co-ordinates of the centre of gravity G of the 
body BC (Fig. 116) be x and y, at time t, with respect to 
fixed axes OX and OY, and let the co-ordinates of a 
particle p of mass w be x and y with respect to the same 
axes. 

The components of the effective forces acting on the 
particle jp, parallel to the axes OX and OY, are respectively 

mx and my. 

Therefore, if the sums of the components of all the 
aj^plied forces are P and Q, acting in directions parallel to 
OX and OY respectively, 

P — 'Lmx and Q = Smy, 

where Sma; denotes the sum of all the effective forces 
acting parallel to OX, and '^mij denotes the sura of all the 
effective forces acting parallel to OY. 
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Since G is the centre of gravity of the body, 
and Swy = My. 

Differentiating twice with respect to time, 

Jlmx ~ M(r and Zmy = My. 

Therefore P=M® and Q=My . . (1), 

and the centre of gravity G moves as though the whole 
mass were collected at G and the components P and Q of 
the applied forces were transferred to G. 

Now let axes GX' and GY' be drawn parallel to OX 
and OY, respectively (Eig. 117), and let GX' and GY' 
move with the body but yj 
always remain parallel to the 
fixed axes. 

Let the co-ordinates of the 
particle p be x' and y' with 
respect to the axes GX' and 
GY', then 

x^x-\-x' and y=y-!“y', 

and differentiating twice with 
respect to time, 

a;=aj+a;' and y-V+y . Pig. in. 

Let the sum of the moments about G of the applied 
forces be L, then these applied forces may be replaced by 
the forces P and Q acting at G together with a couple L; 
also let the sum of the moments about 0 of the applied 
forces be Lq, then, taking moments about 0, 

Lo=L-^Q»-~Py . . . (2), 

assuming the directions of the couples L and Lq to be 
anticlockwise. 

Equating the moments about 0 of the applied and 
effective forces, 

Lq = 'Zrftyx - Smdiy 

= Sm{(y + y'){x + x') ~ {x + a?')(y -{- y')} 

= + y':f ■\-yx'+y'x') - (icy +«'y +%' +x'y')} (3). 
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Now 2m =M and since G is the centre of gravity, 2??ia;''=0 
and 2m?/' = 0; also, dilferentiating twice, 2m:t‘'=:0 and 
S?ny' = 0. Therefore equation (3) becomes 

Bo =M{p - xij) 4 - 2??i{y V - x’y’) . . (4). 

But from (2) and (1) 

liQ—lL + (^x~Vy~lj]-M.{fx-xy) . . ( 5 ). 

Therefore from (4) and (5), eliminating Lq, 

L = 2?ri(yV ~diy) . . . (G). 

Therefore the sum of the moments about G of the applied 
forces is equal to the sum of the moments about G of the 
effective forces, and the body turns as though G were a 
fixed point, for the variables in (6) are measured with 
respect to the moving axes GX' and GY'. 

Equation (6) may now be put into a more convenient 
form by employing polar co-ordinates. 

In rectangular co-ordinates the accelerations of the 
particle p, relative to G, are x' and y' {Fig. 118), and in 
polar co-ordinates the accelerations 
are r<p perpendicular to Gp and 
along pG, where r = Gp and ^ is 
the angle pGX'. 

Therefore, taking moments about 
G of the effective forces, 

m{y'x' -x'y')=^mr^^ . (7). ^ Fio. ns. 

This relation could also be obtained by writing cos 
and y' —r sin differentiating twice with respect to time, 
and substituting in the left-hand side of (7). 

At any instant the angle ^ will iiot be the same for all 
particles in the plane X'GY', but they will all have the 
same angular acceleration <p, for if 

(j>=^6-rth constant, 

where 6 is the angle which any line AB (Fig. 117), fixed 
on the body, makes with the fixed axis OX at time t, 




136 ENGINEERING MECHANICS 

then dififerentiating twice with respect to 

^ = S ... . ( 8 ). 

and this is the angular acceleration of the body. 

Therefore, from (6), (7), and (8), 

L = 

but where Jc is the radius of gyration and 

I is the moment of inertia of the body about an axis 
through G perpendicular to the y 
plane X'GY', therefore 

. (9). 

The results are summarized in 
Fig. 119, where F and Q are 
respectively the sums of the x 
and y components of the applied 
forces, L is the sum of the 
moments about G of the applied 
forces, Ml and M^ are the effec- O 
tive forces, and is the 

effective couple. 

The equations are 

P=Ml, Q=My, and L=M^®^’ . (10). 

If it is required to take moments about any point other 
than G, say 0, then if Lq is the resultant anticlockwise 
moment about 0 of the applied forces, 

Lo=My® -Mly + M/c2^' . . (ll). 

In the Figure the arrow-heads on the effective forces, and 
on the effective couple, point in the directions in which 
the variables increase. 

Since one of the two fixed axes OX and OY may be 
drawn in any direction, it follows that the applied forces 
may be resolved parallel to any direction and the sum of 
their components may be equated to the sum of the com- 
ponents of the effective forces in the same direction. The 
examples which follow will make the method clear. 

Example 1 . — K lorry weighing 2*5 tons when loaded has 
its centre of gravity 36 inches in front of the back axle 
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centre line, 78 inches behind the front axle centre line, 
and 40 inches above the road. Given that its sj^eed is 
25 miles per hour on a horizontal road and that the 
coefficient of adhesion is 0*5, it is required to find the 
minimum distance in which the lorry can be stopped: 
(a) using front brakes; (h) using rear brakes; (c) using 
front and rear brakes, assuming that both sets of brakes 
are applied simultaneously. 

{a) Front Brahes , — Denoting the retardation by /, the 
W 

effective force is M/=™/ acting through G, the centre of 

gravity, and parallel to the 
road. The applied forces 
are the weight W, the re- 
actions Ri and R 2 at the 
wheels (Fig. 120), and the 
horizontal force 0‘5Ri on 
the front wheels at the Fig. 120 . 

road level. (Of course Ri, 

Rg, and 0*5Ri are each shared by two wheels.) The 
wheelbase AB=36 + 78=:114 inches. 

Equating applied and effective forces acting hori- 
zontally, 

W 

0.5Ri = y/ . . . (1). 

Equating the moments about B of the applied and 
effective forces, 

W 

114Ri~36W=40-™/ . . (2). 

9 

From (1) and (2), eliminating R^, 

2W W 

114x— /~36W-40-/, 

9 9 

then /=~^^ = 6-17 ft./seo.*. 

Care should be taken with the units. In (2) the moments 
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are inches times force, but the result would be the same if 
each side of the equation were divided by 12. Since g is 
taken as 32-2, the units of / must be feet and seconds. 
Note that the value of W does not affect the value of /, 
but it would be required if Ri and Eg had to be determined. 

For uniform retardation, v^ = 2fs or s=:v^l2f, where v is 
the initial velocity and s is the distance travelled. 

88 110 

Now v = 25 miles per hour = 25 x — = — ft./sec., 

^ 60 3 ^ 

/ 110 \^ 1 

therefore s = ( — ) x - — - 1 09 feet. 

\«>/ 2xo'17 

(6) Bear Brahes . — The horizontal applied force is now 
O'SBg acting at R (Eig. 121). 



Equating applied and effective forces acting horizontally, 
W 

0-5R,=:~/ . . . (1). 

Equating moments about A of the applied and effective 
forces, 

78W-114E2=40^/ . . (2). 

From (1) and (2) 


78 X 32-2 
268 ~ 


= 9'37ft./sec.2 


Then 


- 


no' 

~s 


1 


2x9-37 


= 71-7 feet. 
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(c) Front and Rear Brahes . — ^The forces are as shown in 
Fig. 122. 



Equating applied and effective forces acting horizontally, 


0-5Ri + 0-CRj=^/, 


• • (!)• 

Equating applied and effective forces acting vertically, 
tile latter forces being zero, 

Ri + R2-W=:0 . 


( 2 ). 


From (1) and (2) 
therefore /=0-6 x 32-2 = lG-l ft./sec.^. 


W 

0-5W=— /, 
9 


Then 


/ 110\2 


1 


~=41-8 feet. 


2xl0-l' 

Example 2.— A pair of wheels and an axle, weighing 
1500 lb. and having a radius of gyration ^ = 1-3 feet, start 
from rest and travel on 
greasy rails down a uni- 
form incline which makes 
an angle ^ = 10“ with the 
horizontal (Fig. 123). 

Each wheel has a radius 
r = l*5 feet, and the co- 
efficient of friction between 
the wheels and the rails is 
/i = 0*07. 

It is required to find if slip will occur and to calculate 
the time taken to travel 300 feet down the. incline. 
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Let the contact be at O when the motion begins, and 
assume that at time t the centre c has travelled a distance 
X and the wheels have turned through an angle 0, 

Let M be the total mass and let R and F be the normal 
reaction and the frictional force, respectively, between the 
wheels and the rails. (Actually JR and JF will act on 
each wheel.) At time t the effective force is Mdi, the 
effective couple is and the applied forces are R, F, 

and Mg, all acting as shown. Taking M=:W/g, the value 
of Mg is W = 1600 lb. 

If there is no slip, 

x=rd and therefore . (1). 

If slip occurs, or is about to occur, 

F=/iR .... (2). 

Equating applied and effective forces by resolving 
perpendicular to the track, 

R~Mgcosj8=0 . . . (3), 

since there is no effective force in this direction. 

Equating applied and effective forces by resolving 
parallel to the track. 

Mg sin /3 -F=Ma; . . . (4). 

Equating moments about c of applied and effective 
forces, 

Fr=MPl^’ . . . (5). 

It should be noted that equations (3) to (5) are true 
whether there is slip or pure rolling. 

From (4) and (5), 

iii-g sin jS , (6). 

Assuming no slip. 

Since x —r0, substituting in (6) and solving for 0, 
sin 

k^ + r^ 
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^ ^ r h^+r^ 
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Now M0' = 15OO lb., Ic-hS ft., sin j8=sin lO'" =:0-173G, 
and r = l-6 ft., therefore 


_ 1500 X 1*32 X 0-1736 

=112 lb 

1*32 + 1-52 


Assuming slij[>. 
iProm (2) and (3), 

¥ =:/xR —^iMg cos ^ . 

Since ^ = 0-07 and cos j8 = co8 10° = 0*9848, therefore 
3? = 0‘07 X 1500 X 0*9848 = 103 lb. 


(7). 


This value is less than 1 12 lb,, therefore slip occurs. Owing 
to the low coefficient of friction, the force R does not reach 
the value which is large enough to cause pure rolling. 

P 

From (4) x=g sin 

F 

and from (7) cos ft 


therefore x =fir(sin jS - cos ft. 

Substituting numerical values, 

a* = 32*2(0*1736 -0*07 x 0*9848) =3*37 ft./sec,*. 


If 5 is the distance travelled in time t with constant 
acceleration x, then or t=.^/{2s|x). 

/2 X 300 

Putting s = 300 feet, ^ ^ ^ 


76. Compound Pendulum. — A body of mass M swings 
about an axis 0 which is horizontal and perjjendiciilar to 
the plane of the paper (Fig. 124). The centre of gravity 
is at G, the length OG and the radius of gyration about 
G is h. Assuming the swings to be small, it is required 
to find the periodic time and the length of the equivalent 
simple pendulum. 
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Let OG make an angle 6 with the vertical OY at time t, 
then if G has travelled a distance s from its mean position, 
s~a9 and, differentiating twice with 
respect to time, the acceleration 

The accelerations of G are 
towards 0 and perpendicular to 
OG, and the corresponding effective 
forces are ^nd Ma^, The effec- 
tive couple is 

The applied forces are acting 
vertically downwards at G and the 
reaction R at 0. 

Equating the moments about 0 of the effective and 
applied forces and so avoiding the unknown reaction at 0, 

= - Mf/a sin 6, 

therefore + a^) + ga sin ^ = 0, 

“ 



For small values of 9, sin 6 = 9 approximately, then 




ga 


9=0 


( 2 ). 


This equation represents simple harmonic motion (Art. 60, 
p. 104) and may be written as 


^ + wW = 0, 

The periodic time is 


where 


4 


ga 


Jc^+a^ 



CO 


-^27rJ- 


ga 


(3). 


Now the periodic time of a simple pendulum (Art. 61) 
is 2TT’\/{llg) where I is its length. Therefore a simple 
pendulum of length l = {h^ ■{•a^)/a will have the same 
periodic time as the compound pendulum and it is called 
the equivalent simple pendulum. 
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A closer approximation to the value of the periodic time 
may be obtained in the manner shown in Art. 63, p. 112. 
For the compound pendulum 

T=2.J^xF, 

V ga 

where F is the amplitude factor. 

Example , — The body is a disc (Fig. 125) fig . 125. 
of radius r = 10 inches and OG = 8 inches. 

The horizontal axis througli 0 is perpendicular to the 
face of the disc and the swings are small. To find I 
and T. 



10^ 

= 50 in. 2 

2 2 


_ + 504-64 

2 = ^ — = 14-25 in, 
a 8 


T = 2. J^=2.J^=2.7J^ = I.21 , 

N ga V ^ V 32-2 X 12 


77. Centre of Oscillation. — As shown in the preceding 
Art., the periodic time of a compound pendulum is 




h^+a'^ 

ga 


and the length of the equivalent simple 


pendulum is l = {k^ 4- a^)/a. 

Referring to Fig. 12C, 0 is 
the centre of suspension and 
G is the centre of gravity. 

Join OG and produce to Oj, 
making OOi=Z, then the 
point Oi is called the centre 
of oscillation. 

Let OiG=i, then QQ + OiG=a+d-l = {}c^ + a'^)ja, there- 
fore 

a(a4•d)=P4-a^ or or d^h^a. 



l^iG. 126 . 


It will now be shown that if the pendulum is suspended 
at Oi (Fig. 127), the point 0 becomes the centre of 
oscillation. 
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When Oi is the centre of suspension, T = 2t7- 

^ F + h'^ + {WaY a^ + h^ , 

but ; = — —6 — 

d h^ja a 

therefore the point 0 is the centre of oscillation and the 
periodic time has the same value as before. 

Rater's Pendulum . — Kater used a pendulum with two 
adjustable knife-edges and an adjustable mass for deter- 
mining the value of g. The positions of the mass and the 
knife-edges are adjusted until the time of oscillation is the 
same about each knife-edge, then if I is the distance 
between the knife-edges, T = 277 VCVS') value of g 

can be calculated. 

78. Compound Pendulum Reactions. — Given that the 
compound pendulum (Fig. 128) has a 
maximum angular displacement ^ from 
its mean position, it is required to 
find the components Ri and Ra of 
the reaction at the support 0 when 
the displacement is 6. The directions 
of the components Ri and Rg are re- 
spectively perpendicular to and along 
GO. 

The angular acceleration and angular 
velocity of the pendulum will be wanted 
in terms of the angular displacement 6. 128. 

From Art. 76, equation (1), 



J' 




gd 




sin 6 . 


Multiplying each side by 20, 

26 S=^ -yearned. 

Integrating, 0^ ^ + 0, 


(!)• 


where C is a constant of integration. 
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2ga 


C=:--^cos ft 


and 


2gra 

h'^ + d 


-(cos Q ~ cos ft 
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( 2 ). 


To find Rj, equate the moments about G of the applied 
and effective forces, tlion 

Ria= -Mjfcsft 

and substituting the value of B from (1) and simplifying, 


TD « 


(3). 


To find Rg, equate the applied and effective forces by 
resolving along GO, then 

Rg - Mg cos 6 —MaB^^ 

and substituting the value of from (2) and simplifying, 

Rg ^Mgrfeos 6 + p^ 2 (cos 0 - cos ^)} . (4). 

When the swings are small, sin 6=^6 approximately and 
cos 6 = cos approximately, then 

approximately. 

It should be noted that for small swings the maximum 
value of the angular velocity B is small. 

This is evident from equation (2), for 
B^ is a maximum when ^ — 0, and when 
P is small, cos O'" - cos p is small and 
therefore B^ and B are small. 

Example . — The body is a circular disc 
(Fig. 129) weighing 60 lb,, of radius 
r = 10 inches, and OG=a = 8 inches. 

The horizontal axis through O is per- 
pendicular to the face of the disc. 

The maximum angular displacement 



from the mean 
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position is j8 = 15°. It is required to find the components 
Ri and of the reaction at 0 when 6 has each of the 
values 0°, 5°, 10°, and 15°. 


Now 

and 


Ei = 


Ro = 


Mgh^ 
''h^ + a^ 
2a^ 


sin 9, 


:Mgr{cOS e + rr— r(cOS 9 - COS ^)}. 
Ic +0/ 


Mass M.=W/g, therefore Mgf =:W = 60 lb. 

cos ^ = cos 15°=:0*9669. 

= 102 = 60 in.^. ^2 = 82 = 64 in.K 

Mgh^ 60 X 60 ^ 3000 _ 1000 

114 “ 38 ^ * 

2a2 2 X 64' 64 

F+a2“50+.G4*“?7' 

o T. 1000 . 

Therefore sm 9 lb. 

38 

and R 2 = 6o|cos 0+”(cos 0 - 0-9659)| lb. 


Substituting the given values of 9, then it is found that 
Ri and Rg have the values shown in the table. 


6 

0° 

6° 

lO” 

16“ 

1\ lb. 

0 

2*29 

4*57 

6*81 

Eg lb. 

62-3 

61*8 

60*4 

68*0 


79. Work and Energy. — From Art. 75, equations (10), 
P=M!r, Q=My, and L=Mib2^'. 

Denoting the velocities x, g, and ^ by u, v, and co 
respectively, then 

P=Mw, Q=M«), and L=M^2^ 
as indicated in Fig. 130. 


( 1 ), 
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Suppose that in time Bt the centre of gravity of the body 
has small displacements S:b and By, and the body has a 
small angular displacement B6, then 

Work done by applied forces = Work done by effective 

forces. 

+ QS^ + LS ^ = MuiSir +• d. 

Now Bx=:uBt and HBt^^Bu, 

therefore = MuuBt = M'Z4S?4. 

Similarly, 

MvSy — and M^'2d^8^=:MA;2aJScl>. 

Therefore 

PSiT + QSj? + LS ^ + MPojSco. 



If during time t the displacements are Xi - Xq, §i - 
and $1 - $Q, and the corresponding velocity changes are 
Ui - Wo, Vx - Vq, and coi - coq, then integrating between the 
appropriate limits, 

I f, /.«, pt), 

Vdx + I Qdy + I hdO = 1 M.udu + | Mvdv 4- 1 Mk^codca 
= jM(w? - ui) 4 mvi ” vi) + - <^i) 

— change in kinetic energy . . , (2). 

Therefore during a given time the work done by tlie 
applied forces is equal to the change in the kinetic energy. 
It must be understood here that the work done by the 
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applied forces is to be interpreted as the work done by the 
forces which produce acceleration or retardation. Eor 
example, if a force P pushes a mass along a straight path 
against a frictional resistance E, then it is the work done 
by the accelerating force P-E which is equated to the 
change of kinetic energy of the mass. 

Example 1. — A solid circular cylinder begins to roll up a 
slope of 1 in 5 (measured as a sine) with a linear velocity 
of 6 feet per second. It is required to find the distance 
travelled by the cylinder before coming to rest. 

Let W be the weight and r the radius of the cylinder. 
Let 8 be the distance travelled and li the corresponding 
rise (Eig. 131). If ^ is the radius of gjo’ation about the 
axis of the cylinder, then 

Denoting the initial linear 
velocity by v and the initial 
angular velocity by ca, then 
ct) =vlr. 

The work done in lifting the cylinder a distance h is 'Wh. 

The initial kinetic energy is made up of two parts — 

W 

(1) Kinetic Energy of Translation = —u®. 



W 

(2) Kinetic Energy of Rotation =— 

W 

Therefore the total Kinetic Energy 2 ). 


Work done = Loss of Kinetic Energy, 


therefore 


-Wh = ^{v^-\-kW) 
W 


1 


^9 






2 ^2 


3^2 
' ^9^ 


Substituting numerical values, 


3x6^ 

rx32-2 


= 0-839 foot 


and 


5 = 5A = 5 X 0-839 =4-20 feet. 
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Example 2. — A railway truck is being lowered down a 
gradient by means of a wire rope coiled on a winding drum 
at tlie top of the incline, the rope being supj)orted parallel 
to the incline on frictionless rollers. 

The total mass of the truck is M, the* moment of inertia 
of each of its two pairs of wheels and axles is rnk'^^ and 
the radius of the wheels is r. The moment of inertia of 
the drum excluding the wire rope is I, and its radius is R. 
The total length of the wire is I, and its mass is p per unit 
length. The angle of the incline is a. 

Consider the case when the truck is descending the 
incline, and winding wire off the drum which is perfectly 
free to rotate. Show that, when the length of wire paid 
olf from the drum is s, the acceleration of the truck is 


(M + ps)g sin a 

7^ 7~7mjc^ r 

M + pi! + — + g5 


[C.U.] 


Let V be the velocity of the truck when the length of 
wire paid off is s (Fig. 132). Then the angular velocity of 
the wheels is vfr and the 
angular velocity of the drum 
is ^;/R. The mass of rope 
paid off is ps and the mass 
of the whole rope is pi. Also 
the magnitude of the linear 
velocity of the whole rope 
is V, the same as that of the 
truck. 

Kinetic Energy of Translation (including rope) — 1(^ ■f 

/ v^\ 

Kinetic Energy of Rotation 

W 7 I\ . . 

Total Kinetic Energy ^2 '^Rsj 

When the truck has travelled a distance 5, its centre of 
gravity G has been lowered a height s sin a, and the centre 
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of gravity G' of the length s of the rope has been lowered 
a height Js sin a, therefore 

Work done by gravity "Mgs sin a +psg{is sin a) (2). 
Equating (1) and (2) and solving for 
(2M5 + ps^)g sin a 


7 2mA' I 
M+P^ + -7i-+is 


(3). 


Since depends on as well as on s, it is evident that 
the formula v^=:2fs cannot be used to obtain the accelera- 
tion /. The acceleration is obtained by differentiating, 
with respect to t, each side of (3), then 


dv (2M + 2p.)g?sina 

— = 

dt 2mh^ I 


ds 


Now ~ =v and dividing (4) by 2v gives 


Acceleration 


dv ^ (M + ps)g sin a 
dt 


M+pl + 


2mA2 I 


- + 


R2 


(4). 


(5). 


80. Impulse, Momentum, and Moment of Momentum. — 
Erom Art. 76, equations (10), 

Q=M^, and L = MA®0, 

or using the notation of Art. 79, equations (1), and referring 
to Fig. 133, 

P=Mw, Q=M?), and L=MA®u) 

or Q=M^, and L=Mi(!2^ . (1). 

at dt dt 

Let the velocities be Vq, and wq at time t^, and Wj, Vi, 
and coi.at time then integrating (1), 
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'2dt is the im.pulse of the force P during the time 
h 

ti “ ^0 is equal to the change of momentum M(% ~ Uq). 

Also j (^dt is the impulse of the force Q and is equal to the 

change of momentum M(?;i 
h 

Jadt is the impulse of the couple or torque L and is 
u 

equal to the change of angular momentum, or change of the 
moment of momentum, M^2{cui - coq)- 

The expression Mh^coi - ojq) is the change of the moment 
of momentum about the centre of 
gravity of the body, and in many 
cases the change of the moment of 
momentum about some other point 
is required, say about 0 (Fig. 133). 

Let Lq be the moment about 0 
of the applied forces, then 
Ijq = Q:r + L 
•- Muy + 

= ^{Mvx - mu§ + MiM (3). 

at 

(Checking by differentiation, 

^-^vx} = M.VX + = M.VU + Mf?;r , 

dt 

- —{Kuy} = - M-uy - M.u§ = - Mmv - M.uy, 
dt 

and the terms Mvu-Mmu cancel.) 

Equation (3) shows that the sum of the moments of the 
applied forces about any fixed point is equal to the rate 
of change of the moment of momentum about the same 
point. 

Also, integrating over the time interval t^ - ^o) 
j 'Lodi = Change in the moment of momentum during 

the time ii - io • {^)‘ 
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When two bodies collide, or when a point on a moving 
body becomes fixed suddenly, there is an impulsive force 
(see also Art. 41, p. 72) which acts for a very short time 
and usually its mean value is large compared with the 
value of any ordinary force which may be acting at the 
same time. In most cases the mean value of an impulsive 
force cannot be determined, but its impulse is equal to 
the change of momentum produced and this can be 
measured. When considering the effect of an impulsive 
force, any ordinary force acting at the same time may 
generally be disregarded. 

The theorems given below follow from equations (2) 
and (4); they have already been given in Art. 42, p, 73, 
but are of sufficient importance to be restated here. 

Conservation of Linear Momentum. — If, in any direction, 
the sum of the components of the applied forces acting on 
a system of bodies is zero, the total momentum of the 
system is constant in that direction. 

Conservation of Moment of Momentum or Angular 
Momentum. — ^If, in a system of bodies, the sum of the 
moments of the applied forces about any fixed axis is 
zero, the moment of momentum of the system about that 
axis is constant. 

Example. — In Eig. 134, AB and CB are inclined planes. 
A solid cylinder is placed 
on AB and released, its 
axis being at right angles 
to the line of maximum 
slope. Show that it will 
finally come to rest after 

/X‘ 

a time 30 . / — where h is 

V 3g 

the initial height of the Fig. 134 , 

centre above its position 

when the cylinder is at rest touching both planes. [C.U.] 

Let M be the mass of the cylinder, then M^r is its weight. 
Let h be the radius of gyration of the cylinder about its 
axis and let r be its radius, then 
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Descending the Left-hand Slope . — Let v be the velocity of 
the centre 0 just before impact occurs at c (Eig. 135) and 
let to be the corresponding angular velocity, then o) =?;/r. 

Work done in .descending 
height h ~ Gain in kinetic 
energy. 


= + 1 


Msr7i = iM?;2 + iM&2a>a 



Fig. 135. 


Therefore 






Let s be the distance travelled by the centre 0 and let t 
be the time taken, then 


h 

sin 30"" 



also 5 = -^; 


therefore - = 2h. 


Therefore 


or 


V 2 N gh V ^ 

^ 4 __ 3tJ 

~ V ~v 4cg'~' g 


(1), 

( 2 ). 


Impact . — ^Let v-^ and oji be tlie initial linear velocity and 
angular velocity respectively up the right-hand slope, then 

coi =Vilr. 

The moment of momentum about c, the point of impact 
(actually a line of impact), is unchanged, because the 
impulsive force acting at c cannot have any moment 
about c; therefore 


from which 


Mvpr + Wlo^oDx — Mw* sin 30° + 


vir + 


Vi vr r^v 

T 2 2 f ’ 


Vx-- 


(3). 


Ascending the Right-hand Slope . — Lot ti be the time 
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taken to travel up the riglit-Iaand slope, then it follows 
from (2) that 

9 

h 

or 7 == “ * 

t V 

2 ^ 2 2 

But from (3), therefore or h = 

3 t 3 3 

The cylinder will take an equal time to descend the 
right-hand slope, therefore the time for the return journey 
on this slope is 2ti, 

To obtain the Total Time . — If 2t^, and so on, are 

the times of subsequent return journeys, then it follows 


that t‘ 


2 /2Y 2 /2Y 

= t 2 =~t 2 == 7 and { 

3" \3/ ’ ^ 3 “ W 


If T is the total time before the cylinder comes to rest, 
then 

T = i 2ti + 2^2 + 2^3 -f . . . 

= {2t -f 2^2 -f- 21^2 ■+■ 21^ -f- . . . ) ^ 

=2*{i+i+(i) + • • •}-*• 

The series in the brackets is a geometrical progression 


and its sum is --^ = 3, 
1 -I 


T = 2i x3-^ = 5^, 


Therefore 
but from (1), 

therefore T=:10./— = 30^ / ~- 

V ^ V 3y 

as was to be proved. 

81. Centre of Percussion. — Let G be the centre of gravity 
of a rigid body which is free to turn about a fixed axis 
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passing through 0 j)erpendicuiar to the piano of the paper 
(Fig. 136). Supx)ose an impulsive force P is applied to 
the body, its line of action being in the plane of the paper 
and meeting 00 produced at Oi, then if there is no 
impulsive reaction at 0, the point Oj is called the centre 
of percussion. It should be noted, how- 
ever, that the subsequent motion of the 
body will produce a reaction at 0. 

It is evident that the line of action of 
the impulsive force P must be perpen- 
dicular to OOi, otherwise there would 
be a component parallel to OOi and consequently a reaction 
at O along OOi. 

The position of the point Oi will now be determined. 
Let OQ —a and 00i=/!; let M be the mass of the body 
and let h be its radius of gyration about an axis through 
G parallel to the axis at 0. Let w be the angular velocity 
of the body produced by the impulsive force P, then the 
velocity of G is aco i)orpendicular to OG. 

Suppose the force P acts for a very short time t, then 
equating the impulse to the change of momentum per- 
pendicular to GOj, remembering that there is to be no 
impulsive force at 0, 

■ P^=:Mact> . , , (1). 

Taking moments about 0, the impulse of the moment of 
the applied force is equal to the change of the moment 
of momentum, therefore 

PZ^ =MPaj -fMa^co . . (2). 

From (1) and (2) Z = 

and this fixes the position of Oi, the centre of percussion. 

If the body were swung as a pendulum about the axis 0, 
then the point Oi would be the centre of oscillation, as 
shown in Art. 77 — that is, the centre of oscillation of a 
pendulum is also the centre of percussion. 



IP 

Fio. 136.’ 



156 


ENGINEERING MECHANICS 


Exercises IX 

1. A cage weighing 1*5 tons is raised by means of a rope 
coiled round a drum of 5 feet diameten mounted on a horizontal 
shaft. The drum and shaft weigh 2000 pounds and their radius 
of gyration is 28 inches. A motor supplies a constant torque 
of 9000 pound-feet to the shaft. Assuming that the rope is tight 
when the motor begins to revolve, find 

(а) The acceleration of the cage ; 

(б) The time required to raise it 40 feet from rest; 

(c) The tension of the rope. 

What torque must be applied to the shaft in order that the 
cage may descend at a uniform speed of 2 feet per second? 
Neglect friction. [B.E.] 

2. The loaded cage of a goods hoist is raised by a rope which 
passes round a drum and is connected to a 
balance weight at the other end. The loaded 
cage weighs TS tons and the balance weight 
is M tons (Fig. 137); the drum weighs 1000 lb., 
its diameter is 3 feet 6 inches, and its radius of 
gyration is 16 inches. 

Calculate the torque which must be applied 
to the drum to raise the cage with an accelera- 
tion of 4 feet per second per second. What 
horse-power is required to give this accelera- 
tion at the instant the speed is 8 feet per Fig. 137. 
second ? Friction of bearings is to be neglected. 

3. The centre of gravity of a motor car is at a height h above 

the road level, at a distance a behind the front axle and at a 
distance h in front of the back axle. The coefficient of friction 
between the tyres and road is p.. Neglecting rotational inertia, 
calcula'' ' ’ ' ■ ' ■ ' ■ lation which can be produced by the 

brakes . ■ wJieels on a level road 

(1) If the front wheels only are braked; 

(2) If the rear wheels only are braked. 

Prove that front-wheel braking will be the more efficient 
provided a < 6 + fih. If the car is descending an incline making 
an angle 9 with the horizontal, show that this same condition 
still holds true. [O.U.] 

4. A circular cylinder rolls without slipping down a plane 

inclined to the horizontal at an angle of 30°. (a) Find the Hncar 

acceleration of the cylinder; (b) What minimum coefficient of 
friction is necessary to prevent shpping ? {Note. — — 

5. A pair of wheels and an axle, weighing 1600 lb. and having 
a radius of gyration of 1-3 feet, start from rest and travel on 
rails down a uniform incline which makes an angle of 10° with 
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the horizontal. The radius of each wheel is 1-6 feet and the 
coefficient of friction between the wheels and the rails is 0*26. 
Prove that slip will not occur, and find the time taken to travel 
300 feet. 

6. A circular face-plate is oscillated about a horizontal .axis 
through 0 (Eig. 138) perpendicular to its face, 0 being 8J inches 
from the centre of gravity G. The plate makes 100 complete 
oscillations or cycles in 117 seconds. Find the radius of gyration 
about an axis through G perpendicular to the face of the plate. 



Fig. 138. Fig. 139. 


7. A flat circular plate of radius r swings in its own plane about 
a horizontal axis through the point O (Fig. 130). Find the 
length of the equivalent simple pendulum when the point 0 is 
(1) at the circumference, (2) a distance |r from the centre, 
(3) mid-way between the centre and the circumference. 

8. A flat square plate, having sides of length 2a, swings in its 
own plane about a horizontal axis through 
a point 0 (Fig. 140). Find the length of 
the equivalent simple pendulum for each 
of the positions of 0 shown at (1), (2), 
and (3). 



Fig. UO. 



9. A connecting-rod AB (Fig. 141) was suspended on a 

horizontal knife-edge at A and allowed to oscillate. It was 
found that the rod made GO complete oscillations or cycles per 
minute. Next the r ’ ■ ■ -- I and made 64 cycles per 

minute. If the cer ‘ * i‘od is a distance a from 

A and a distance 6 ' • ■ ■ 1 3-75 inches, find a and b 

and the radius of gyration k about G in the piano of oscillation. 

10. Referring to tl ‘ ’^ '''■'^e, if the rod makes 

515 cycles in 10 mini : at A and 476 cycles 

in 10 minutes when ■; . . ' >, d if a + 6 -18 inches, 

find a, 6, and k. 
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11. A rectangular plate, 20 inches by 30 inches, weighing 
100 lb., swings about a horizontal axis through 0 (Fig. 142) 
perpendicular to the face of the plate. If the 
swing is 12° on each side of the vertical OY, 
calculate the values of the reactions Ri and Kg 
when the angular displacement from the verti- 
cal is 0 = 6°. Also find the maximum value of 
the angular velocity. 

12. One end of a uniform" 

I is attached to the ground 
other end is raised in a vertical plane until the 
angle made by the spar with the horizontal is B. 

It is then allowed to fab under the action of 

. r».i- . .1 p lower 

. " ■ ■ ‘ the spar is small compared with 

its length, the direction of the initial reaction at the hinge makes 
an angle j) witli the spar given by cot =4 tan 9. [C.U.] 

13. Two equal homogeneous solid spheres each of rathus r 
are fixed together by a light rigid bar whose direction passes 
through the centres which are a distance 21 apart. The system 
is caused to oscillate as a compound pendulum about a point 
P in the bar distant x from the centre of the bar. Find 
the period of a small oscillation. Show that the period would 
be least if it were possible for the chstanoe of P from the centre 
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Fia. 142. 


of the bar to be 




5P+2r^ 


Show that this point is inside one 


of the spheres. [U.L.] 

14; A uniform disc can rotate in its own plane, which is vertical, 
about a smooth hinge at one end of a diameter. It is allowed 
to fall from the position in which this diameter is horizontal. 
Prove that, when the horizontal component of the reaction at 
the hinge is a maximum, the vertical component is § of the 
weight of the disc. [O.U.] 

16. A rigid body makes small oscillations about a horizontal 
axis. Prove that the periodic time is 27TVJc^jhg, where h is the 
radius of gyration of the body about the axis and h the distance 
of the axis from the centre of gravity of the body. 

A flywheel weighing 3 tons is suspended so as to oscillate 
about an axis perpendicular to its plane and 3 feet distant from 
the centre of the wheel. Find the radius of gyration of the 
wheel about its axis if the time of a small oscillation is 2*5 seconds, 
and calculate the work required when the bout 

its axis to increase its velocity from 60 !■ : per 

minute. [U.L.] 

16. A solid cylinder rolls down a plane inclined at a slope of 
1 vertical in 4 horizontal. Use the energy method to find the 
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velocity of the cylinder after it has rolled down a distance of 
20 feet. 

17. A four-wheeled truck is running down a slope which makes 
an angle p with the horizontal (Dig. 143). The total mass of 
the truck is M, the mass of each pair of wheels and axle is m 
and their radius of gyration, about their axis, is k. The radius 
of each wheel is r. Show that the acceleration of the truck 


sin jS 
M + 



Fig. 143 . Pig. 144 . 


18. A compound pendulum has a maximum angular displace- 
ment 13 from its mean position. Show by the principle of the 
conservation of energy that 

then by diflerentiation obtain the equation 


where a = OG (Fig. 144), the distance of the centre of gravity G 
from the axis of suspension Oj k is the radius of gyration about 
an axis through G parallel to the axis of suspension, and 6 is 
the angular displacement at time t from the vertical OY. 
Compare this method with that used in Art. 76, p. 141. 

19, A pair of wheels and axle of mass M and moment of inertia 
stand on a horizontal surface. The radius of the wheels 
is a, and concentrated masses m are attached to parallel spokes 
at a distance b from the centre. 

The wheels are held so that these spokes are turned through 
an angle a from their lowest position and the system is then 
released. 

Calculate the angular velocity when these spokes make an 
angle 6 with the vertical. 

Thence prove that the period of a small oscillation is 



U{a^+k^)+2m{a-b) 

27ngb 


2 


[C.U.] 
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20. Two tootlied wheels (1) and (2) (Fig. 146), running freely 

on parallel shafts, are suddenly put into mesh. For wheel (1), 
radius ri=6 inches, radius of gyration , 

fci«4’8 inches, and weight Wi = 16 lb. 

For wheel (2), inches, inches, / '? ] 

andW 2 = 26 1b. The speeds before mesh- /\ j 

ing are Ni==50 r.p.m. and N2=30 r.p.m. \Jj2) 

Find Nj and N^, the speeds after meshing, 
and also find tlie loss of energy in inch- 
pounds, taking N^ and Ng to three significant figures. 

21. Using the data from the preceding exercise, but taking 
Ni = 100 r.p.m. and Ng =0, find Nj and Ng and the loss of energy 
in inch-pounds, taking and Ng to three significant figures. 

22. Two wheels, A and B, rotate about parallel axes. Initially 
the wheels are not in contact; A rotates at 300 r.p.m. and B is 
at rest. By a suitable lever arrangement the wheel B is caused 
to press with its rim against that of A, the normal pressure 
between the wheels being 400 pounds; coefficient of friction is 
0*06; the moments of inertia of A and B are 3600 lb. inch^ and 
2000 lb. inch® respectively; diameter of each wheel is 18 inches. 

Neglecting the friction of the bearings, determine (i) the 
angular acceleration of B and the angular retardation of A; 
(ii) the common angular velocity of the wheels when slipping 
has ceased; and the time taken to attain this common velocity. 

[B.E.] 

23. A flywheel (A) having a moment of inertia Ia and a radius 

is coupled by means of a belt drive to another flywheel (B) 

having a moment of inertia Ijb and a radius r^. 

When the belt is thrown on, B is at rest and A has an angular 
velocity o). 

Show that when slipping of the belt has ceased, the angular 
velocity acquired by B is 

^a^bIa^ 

4Ia+*-1Ib’ 

and that the time during which slip of the belt occurs is 

Ia^b^a^ 

(Ti~T2)(ry^+riIj,)’ 

where Tj and Tg are the tensions of the tight and slack sides of 
the belt during the period of slipping. [C.U.] 

24. A sphere, of radius a, rolls, with constant angular velocity 
CO, on a horizontal plane, directly towards a step of height h. 
Supposing a>hy find the least value of co that will enable the 
sphere to mount the step; and, supposing co greater than this. 
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find the angular velocity with which it will roll on the upper 
plane. Assume no slip or rebound when the sphere strikes the 
step. • [B.E.] 

25. A concentrated mass M is rigidly attached by a light rod 
to a horizontal shaft which can rotate in frictionless bearings. 
The mass is hanging in the equilibrium position, when there is 
applied to the shaft a constant axial torque D. Show that the 
shaft and mass will continue to rotate always in the same 
direction only if D be greater than 0'725Mp?, where I is the distance 
from M to the axis of the shaft. 

[The equation, 0 sin d = l -cos is satisfied by ^=2‘33 
radians.] [O.U.] 

26. A plumb-line consisting of a small mass suspended from a 

string of length I is attached to the roof of a railway carriage. 
With the car * ' ^ straight track at a uniform 

speed V, the ■ and stationary relative to the 

carriage. If the carriage suddenly enters a curve of radius r, 
show that the plumb-line wiU start to oscillate, the deflection 
from the vertical being given by 



27, Two rigidly connected rods make a right angle at then- 
point of junction, and a third rod moves in contact with them, 
one end sliding on each. If the whole be revolving about one 
of the first two rods, with angular velocity ca, prove that the 
kinetic energy of the third rod will be 

sin’* 

where m is the mass of the rod, a its length, and 6 the angle 
which it makes with the rod about which the system revolves. 

Find also an expression for the angular momentum of the 
third rod about the axis of revolution of the system. [B.E.] 


L 



CHAPTER X 
VIBRATIONS 


82. Simple Harmonic Motion. — Simple harmonic motion 
has been discussed in Chap. VII, pp. 104-116, where it was 
shown that, denoting the displacement of a particle from 
its mid-point of travel hy x at time t, the acceleration, 
being proportional to the displacement and directed 
towards the mid-point of travel, may he written as 


or 


dt^ 


-f ooi^X — 0 


( 1 ). 


The solution of this equation is 

a:=A cos a)i + B sin 0 )^ , . (2), 

where the values of the arbitrary constants A and B 
depend on the conditions in the problem. The solution 
may also he expressed in either of the forms 

x=^G Goa {cot , . . (3), 

or X ^G sin {cot . (4). 

The amplitude is C, the periodic time is T = 27r/aj, and the 
frequency is /“1 /T=co/27t. Prequency is measured in 
oscillations, vibrations, or cycles per unit time. A body 
has made one oscillation, vibration, or cycle when it has 
passed once through its whole path and is then about to 
make another journey, moving in the same direction as at 
first. Eor example, if a pendulum swings from rest at A 
to rest at B and then swings back to rest at A, it has made 
one oscillation and its path is from A to B and back to A. 

162 
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It must be understood, however, that the length of the 
path will gradually decrease when the motion is damped, 
but then the motion will not be simple harmonic motion. 

83. Motion of a Mass Suspended by a Helical Spring. — 
The analysis which follows may be applied to any system 
in which the restoring force is proportional to the displace- 
ment, the helical spring being merely a particular example. 

Consider a mass of weight W suspended by a helical 
spring, as sliown in Rig. 146, where 00 is the level of 
statical equilibrium. Let h be the stiffness 
or the force which produces unit extension 5 

in the spring, then since the extension is % 

proportional to the load, it follows that the S 
statical extension due to the load W is W//j. 

The mass of the spring will be neglected. 1 ^ a 

Let the mass be pulled down a distance a Jo 

from the statical level 00 and released, then, 
disregarding resistance due to air, etc., the fiq, uq. 
mass will vibrate with simple harmonic motion 
and the extremities of its travel will be a distance a below 
and above the level 00, a being the amplitude. 

The case in which the vibrations graduaUy die away on 
account of resistance will be considered in the next Art. 

Let the displacement of the mass from 00 be at a 
time t, regarding x as positive w'hen measured below 00, 
then the additional force extending or compressing the 
spring is Jcx, the sign of this force being positive or negative 
according as x is positive or negative. The corresponding 
force acting on the mass is -kx, and this force always 
accelerates the mass towards the level 00. 

Since mass x acceleration = accelerating force, 

Wd^x 

therefore — ~ 

g dt^ 


which may be written as 


dH kg 

■*' w 


x~0 


( 1 ). 
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Comparing this equation with the general form 


dt^ 


+ a)®ic =0 


and its solution a; = A cos -f B sin w#, 

it can be seen that co — 
and that the solution of (1) is 

x=AoosJ^t + 'BsmJ^ . . (2). 



The arbitrary constants A and B are found by using two 
conditions. The mass is released and begins to move with 
zero velocity when x=a, therefore, measuring time from 
this instant, the conditions are x==a and dxldt = 0 when 
t^O. 

Putting ^=0 and x^aim (2), it follows that A=a. 

Differentiating (2), 

Putting i =0 and dxjdt=0f it follows that B =0. 

Substituting A— a and B = 0 in (2), 


then 



(3). 



As a numerical example, taking a =0*25 ft., A; = 120 lb. 
per ft., W =20 lb., and gr=32*2 ft./sec.^ then 
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= 13-90 rad./sec., 


and the displacement at time t is 

ii; = 0-25 cos 13-90/5, 

the graph of which is shown in Big. 147. 

rrn m 


The periodic time T = 


= 0-452 sec. 


1 13-90 

The frequency/=-=— - — =2-21 cycles/sec. 

1. 27T 

1 /w w 

Since - = . / ™ and — is the statical deflection of the 
CO kg k 

spring due to the load W, the periodic time may also be 
expressed as 

277 /statical deflection 

27tW . (4). 


^static 


Energy Method of Obtaining the Equation of Motion . — > 
The sum of the kinetic energy and the potential energy of 
the mass plus the potential energy or strain energy of the 
spring must be constant. The equation of motion may be 
obtained by writing down this equality and differentiating 
with respect to time. 

Using the symbols already defined — 

Mass — 

Kinetic Energy is 

Potential Energy is W(« - a;), taking the lowest position 
as the datum level. 

Spring — 

Strain Energy is |•(force x extension), or 

i(W + «;»)( J+a!)=i(W + t*)“. 

Mass and Spring — 

Total Energy is j + W(a - a?) + — (W + kxf = const. 
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Differentiating with respect to 

W dx d^x . dx ^ 

— ^17 + W + kx)-j- = 0. 

g dt dt^ dt dt 


Therefore 


d^x leg 


This equation may be obtained more quickly if it is 
noted that the sum of the potential and strain energies is 

W(o - ic) + i(W + ix)* = Wo - W® + + W* + ifea 

J*tC JfsC 

+ constant terms 

and \hx^ is the additional strain energy stored in the spring 
duo to vibration. 

Therefore it follows that the kinetic energy of the mass 
plus the additional strain energy stored in the spring due 
to vibration is constant, or 

Differentiating with respect to t, 

W dx d^x , dx ^ 

1 ’ 


from which, as before, 


d’^x leg 


^0. 


84. Damped Vibrations. — Suppose the motion of a 
vibrating mass is opposed by a force which is proportional 

to the velocity, and let this force be denoted by -h—y 

dt 

where 6 is a constant and the minus sign indicates that the 
force opposes the motion. 

Using the notation of the preceding Art., the equation 

mass X acceleration = accelerating force 

W d^x Ax . 

— — == - o-r — kx. 

g dt^ dt 


becomes 
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from which 


d^x hg dx hg 


or, for convenience, putting ~ 2c and & 

w vv 

d^x ^ dx 

_+2c- + ..»^=0. 


( 1 ). 


which represents the damped vibrations such as would 
occur when a mass oscillates at the end of a spring, and 
the amplitude of the motion gradually decreases on account 
of air resistance, etc., until finally the mass comes to rest. 
The time which elapses before the motion ceases depends 
on the value of the damping constant o, and if c is of 
sufficient magnitude the mass will not oscillate, but will 
return towards the level of statical equilibrium without 
quite reaching it. 

The mass will oscillate provided c is less than w. In 
this case the solution of (1) is * 

a;=e-ci(A cosVo)^ -f B sinVoi^ -c^i) . (2), 

which can also be written in the form 

x~Ge-^^ cos (Vco ^ . , (3), 

where C and (f} are arbitrary constants. 

dx 

To determine C and (/>, suppose ^ = 0 and ^“ = 0 when 

x^a, where a is the maximum displacement (Fig. 146), 

Putting ^=0 and x=a in (3), 

a = C cos ( - (j>) =C cos 9 ^, 


from which 

Differentiating (3), 


C = 


a 

cos < 


— = Ce-^H - Vo)^ - c2 sin ( Vco^ ^cH~ <l>)} 
dt 

- Cce-*"* cos ( Vo)® - c® < - ^). 

* The method of solving equations of this type is explained in the 
author’s Mathematics, Longmans, Green & Co., or in any Ixiok on 
Differential Equations. 
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Putting i =0 and =0; and remembering that 
dt 

sin ( - <^) == - sin j> and cos cos 

0=GVcd^ -c^ sin 0 - Co cos 9^, 

from which 


tan ^ = 



or 


6 ==tan~^— ===. 

a/cu2~o2 


The angle can be represented as shown 
in Eig. 148. Since C=a/cos taking the 
value of cos ^ from the triangle it can be 
seen that 0 = coa/ Vcu^-c^. 

Equation (3) may now be written as 



Ay/ W ® 


Fig. 148, 


Va 


cos {V t - fl>) 




where (i=tan“^— -======. 

Vco^-c^ 

As a numerical examiile, taking a = 0-25 ft., 7^ = 120 lb. 
per ft., W = 20 lb., and <7 = 32-2 ft./sec.^ then 


I kg /l20 x32-2 

VW~'V 20 


= 13*90 rad./sec., 


as in the preceding Art. 

Taking the damping force lb., the velocity 

^ bg 2 X 32*2 . , 

being in ft ./sec., then 2c=:™= — ^ — and c = 1*01 rad./sec. 
Therefore 

_ c2 ==: ^13*902 - l-Cl^ = 13*81 rad./sec. 


and 

also tan ^ = 


coa 

c 


13*90 X 0*26 
13*81 

1-61 


= 0*252 ft,; 


Vcx)^-c^ 13*81 


= 0*117, from which 96 = 6° 40'. 
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The value of Vco^-c^ becomes 13'81 x = 791 when 

TT 

expressed in degrees/seo. 

Substituting numerical values in (4), 

a; = 0*252e-^'“^* cos (791i - 0° 40') . (5), 

the graph of which is shown by the thick lino curve in 
Fig. 149. 



The graphs of 0-252 cos (79R~6° 40') and ± 0-252e'*^*^“ 
are also given, and it can bo seen how the damping factor 
g-i' 0 i( quickly damps out the motion. It is of interest 
to notice that the highest and lowest points {turning-points) 
on the damped curve occur slightly before the highest and 
lowest points on the cosine curve. This shows that the 
mass takes less time to move from the level of statical 
equilibrium to an extreme position than it takes to make 
the return journey. 

27r 27r 

The periodic time is T = ~— ========---— =0*455 sec. 

^ 13*81 

When there is no damping, c=0, and the ratio 

Periodic t ime with damping _ o) _ 13*9Q 
Periodic time without damping Vw* 13*81 

which is greater than unity, showing that damping 
increases the periodic time. 

The displacements at successive turning-points will now 
be examined. It has been stated that the displacement x 
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at any time t is obtained from equation (3), 
a; = Ce"*^* cos ( Va>^ - i ~ 

Differentiating, 

~ =Ce“®*{ - Vco^ sin ( Voj® - c? i “ 6)} 
at 

- Cce“®* cos {Vco^ - t - (f>). 

Now “ = 0 at turning-points, therefore by equating to 
at 

zero it follows that 

tan — 

V(02-C2’ 


or Vco® -c^ i ^ =tan~^J ■ : , i. 

\ Va>^ - cy 

There are many angles 0i, 0^) intervals of rr radians 

whose tangent is -cjVco^-c^, therefore, denoting the 
successive turning-points by the suffixes, 1, 2, etc., 

V O}^ — ~ = 01 

and Vco^ -c^tz- ([> = 02 = 01 + TT. 


From these equations, 


Therefore 



ajg __ e " cos ( V 0 ) ^- 0 ^ 

cos (Vco® -c^ - 0) 

cos (^1 + 7r) 
cos 01 


or, in general terms, 

the ratio being negative because the cosines have the same 
numerical value but differ in sign. The values cci, x^, etc., 
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form a series in geometrical progression and the common 
ratio is If Xj^ is positive, then is negative 

and aig is positive, and so on. 

Changing the sign of the common ratio, 

then it is evident that - err/ Vo)^ is the logarithm to 
the base e of the fiositive ratio -xjxn-t^ quantity 

ctt/ Vcu® - c® is known as the logarithmic decrement. 


85. Forced and Damped Vibrations. — A vibrating mass 
whose motion is forced as well as damped will now be 
examined. Consider the helical spring carrying a mass 
of weight W as in Art. 83, but let the top of 
the spring be given simple harmonic motion 
with a vertical amplitude as indicated in 
Fig. 150, where OiOi is the mean position of 
the top of the spring and 00 is the level 
of the mass when in statical equilibrium. 

The amplitude of the motion of the mass is 
labelled a, but this value is as yet unknown. 

Suppose the mass descends a distance x 
when the top of the spring descends a 
distance X. If x is greater than X, then 
the extension of the spring is aj-X, and if k is the 
force per unit extension, the corresponding force acting 
upwards on the mass is k(x - X). Since the positive 
direction is downwards, this force may be expressed as 

dx 

Taking ~ 6— as the damping force, as in the preceding 
di 

Art., the equation of motion becomes 



Fxa. 150. 


~ = - h— - k(x ~ X) 

g dt^ dt 


( 1 ), 


W . bg ^ 

or, dividing by and for convenience putting ^ = 2c and 
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— = 0 )^, the equation may be written in the form 

d^x „ dx „ 

- — F 2c~ + cu^o; =co®X. 
dP' dt 

Since the top of the spring moves with simple harmonic 
motion with an amplitude let X = sin 
as indicated in Eig, 151, then the equation /pt\ 
of motion becomes 

d^x dx ^ o . . 




^a>^x—(x}Hi sinyji 


The complete solution of this equation * is the sum 
of two solutions called the complemmtary function and 
the particular integral. The complementary function is 
obtained by equating the left-hand side of the equation to 
zero and it is the solution given in equation (3), p. 167, 
that is 

a; = Ce"-®* cos - ^) . , (3). 

The particular integral is a particular solution which 
satisfies the whole of equation (2) and it can be shown 
to be 

ic= - — sm (pt - g) . (4), 

V (a>** - p^Y + 4:C^p^ 

where e~tan“^ xhe angle e is the phase differ- 

or—p^ 

ence f between the motion of the mass and the motion of 
the top of the spring, the mass lagging by this angle. 

The complete solution of (2) is the sum of (3) and (4), 
but the damped natural vibrations represented by (3) 
eventually die away and after a time the motion of the 
mass is represented by (4). 

The amplitude of the motion of the mass is therefore 


V (cu® - p^Y 4td^p^ 


Green 

t x'or ueiiiiiLioa fc 


'' ematics, Longmans, 
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which was denoted by a in Rig. 150, and the forced 
amplitude of the top of the sjmng is 
Therefore the ratio 


Ampli tude of mass _ 1 

Amplitude of top of sj)ring ™ ^/(co^ + 4cy 


which may be called the magnification of amplitude or 
magnification factor and written as 


Magnification of amplitude = 



This ratio is plotted (Rig. 162) against the ratio of the 
applied frequency pI2tt to the natural frequency a>/27r, 



RATIO OF FREQUENCIES P/ia 

Fm. 162. 

— that is, the ratio p/to — ^for three values of 2c/a). Since c 
is dependent on the damping force, a comparison of the 
curves shows how the ratio of the amplitudes is affected 
by the damping; the greater the damping, the less the 
magnification of the amplitude. The curves also show 
that when the ratio p/co reaches a certain value, which is 
different for each curve, the magnification of the amplitude 
becomes less than unity— that is to say, the amplitude is 
actually reduced. 

If there is no damping, c=0, then the magnification 
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becomes infinite when ^ — — ^that is, when the applied 
and natural frequencies are equal. This equality of the 
frequencies is called resonance. In practice there is always 
some damping, so that c is not zero although it may be 
very small. It can he seen from the two lower curves 
that when the applied and natural frequencies are equal, 
or nearly equal, the amplitude of the motion of the mass 
may become large, but it will not be infinite. It should 
be noticed that when there is damping, then the maximum 
amplitude occurs when f is less than o). 

To understand how the relation between jp and w affects 

the phase difference e=tan‘"^- r - — - „ and also to under- 

stand resonance, it is worth making a simple experiment. 
Secure a mass to one end of a piece of elastic or a light 
helical spring and hold the other end in the hand. 

(а) Move the hand up and down very slowly and the 
mass will follow the motion of the hand. 

(б) Move the hand up and down rapidly and it wiU be 
found that the mass goes down when the hand goes np 
and vice versa. If the hand is moved fast enough the 
mass will be almost motionless. 

(c) Move the hand at some intermediate speed, found 
by trial, and the amplitude of the motion of the mass will 
become large. This is what happens at resonance. 

Now consider these effects from a mathematical stand- 


point. 

p=co, 


The phase difference is g— tan-^ - - - » When 

^ co^-p^ 

g=tan~^oo=7r/2, and this is the value of e at 


resonance. When p is less than co, 
€ is less than 'r/2 (Fig, 163, top). 
If p is nearly zero, then g is nearly 
zero, and this is what happened in 
experiment (a) when the hand and 
the mass moved together. When p is 
greater than co, g is greater than 7r/2 
(Eig. 163, bottom) because is 



Fig. 163. 


negative, and the greater p is compared with a the closer 
c approaches to the value n. This is what happened 


I 


I 
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when the hand and the mass moved in opposite directions 
in experiment (6). 

In the preceding analysis a spring loaded at one end 
was given a known periodic displacement 
at the other end. The equations also 
apply when a system is disturbed by a 
hnovfn periodic force, Ror example, con- 
sider an engine, of weight W, with an 
out-of -balance flywheel and supported on 
a spring as shown diagrammatically in 
Fig, 154. 

Let the vertical periodic disturbing 
force due to the out-of-balance flywheel 
be R sin pt, where R is a variable force 
depending on p^, p being the speed of rotation in radians 
per second, then equation (1) becomes 



Fig, 154, 


g dt^ 



-kx+'R sin pt^ 


the upward direction being taken as positive, and this 
equation reduces to 

dH ^ dx , Rp , 

using the same notation as before. 

Now suppose that R, the maximum value of the dis- 
turbing force at a particular speed p, would give the spring 
a deflection if applied statically, then 

7 1 kg 

R = ktti and = — aj = 01 ®%, 

therefore ~ -f 2c—- 4* o^^x — sin pt^ 


which is the same as equation (2), p. 172. 

Since R is a variable depending on it must be re- 
membered that the statical deflection % is also a variable. 
The magnification factor can now be interpreted as the 

Amplitude of the mass 
Deflection due to a statical force R 
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L_/ 

Fra. 356. 


86. Torsional Vibrations — Shaft Carrying One Flywheel. 
— A shaft held at one end and carrying a flywheel at the 
other end is shown diagrammatioally in Fig. 155. If the 
flywheel is turned through a small 
angle Q about OX, the axis of the 
shaft, and then released, it will 
oscillate with simple harmonic 
motion, for the torque in the 
shaft is proportional to the angle 
of twist. It will be assumed that the mass of the shaft 
is negligible compared with the mass of the flywheel, 
and damping will be neglected. Periodic motion may be 
superimposed on the system when it is driven at the end O 
instead of being fixed. In practice, the object is to reduce 
the oscillations as much as possible. 

Considering the shaft, let I be the length, d the diameter, 
9 the angle of twist caused by a torque at any time t, 
then if G is the modulus of rigidity it is known that 

This torque opposes the motion of the 

t OiiJ 

flywheel, and therefore the torque on the flywheel is 


* I 32 


( 1 ). 


the sign being negative because the torque acts towards 
the unstrained position — ^that is, when 9 is positive the 
torque is negative and vice versa. 

Considering the motion of the flywheel, 


T 



( 2 ), 


where I is the moment of inertia of the flywheel about 
the axis of rotation. 


From (1) and (2), 




C9 7t^ 
I 32’ 


or 


d^9 Qird\ ^ 

dl ^ ■'■3217"®“® 


(3). 
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Writing for Ctt^/^SI?, then 


m 

dt^ 


+ = 0 


(4), 


which is the equation of simple harmonic motion, and the 
general solution is 


cos (xit +B sin o^t 

The periodic time is 



(5). 


( 6 ). 


This formula may be expressed in another way. Since 
the torque in the shaft is C$7Tdy32l, therefore, putting 0 = 1, 

Torque per unit angle of twist — Cndy 321, 
Therefore 


T=2.^i 


Moment of inertia of flywheel about axis 
Torque per unit angle of twist 


(7). 


Example , — ^To find the periodic time from the following 
data — Weight of flywheel, W = 100 lb. ; radius of gyration 
of flywheel, A = 8 in.; g' = 32*2 ft./sec.®; C — lT7xl0® 
lb. /in. Z = 10in.; andc? = l*5in. 

The calculations will be made in pound, inch, and second 
units. 


g 32 2 X 12 


X 82 = 16-50 7 


lb. m.2 


^ . /32B , / 32 X 16- 

''Vll-7xl0» 


56x10 ^ 

; — - =0-0335 sec. 

XTT X 1*5^ 


Checking the units : 


J 


lb. in.2 


in./sec.® Ib./in,® in.* 


87. Torsional Vibrations — Shaft Diameter Not Uniform. 
—The results obtained in the preceding Art. require 
modification if the diameter of the shaft is not uniform. 

M 
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As before, the shaft is held at one end and carries a flywheel 
at the other end, but it wiU be assumed now that the total 
length is li + Iz, the length having a diameter and tho 
length I 2 having a diameter <^ 2 ? 
shown in Fig. 156. i \ a 

Let $1 and 62 be the angles of . 

twist in the lengths and Zg — A — 4«-~ /; 

respectively, then the total twist Eig. lee. 

IS ^ + 62 . 

The torque is the same at every section of the shaft and 
denoting the torque on the flywheel by Tg, 

~ 32 “ I 2 32 ' 

from which 

, 32 . ^S2 h 


T„=:- 




^Cirdt 




then 



or 

0^0 

• (1). 

Also 


• (2). 

From (1) and (2) 



d'^B OttB 

• (3), 


321 




(4). 


and the periodic time is 

Mhl. 

Suppose the shaft is made up of lengths I 2 , k, etc., 
having diameters dg, dg, etc., then, denoting 

. I 


(hjuh^h^ 


•) by 2 
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the periodic time becomes 


321^1 

Ctt 


(5). 


1 

■< — — h 

. + - 

2 




— 

II 

■ oi' 

Ijj 

L_l 




Fio. 157. 


88. Torsional Vibrations—Shaft Carrying Two Flywheels, 
— shaft of length I and diameter d carries flywheels 1 
and 2, one at each end as shown in Fig. 157. It is required 
to find the periodic time of the torsional vibrations when 
the flywheels are oscillating in opposite directions. 

Since the flyTvheels are oscilla- 
ting in opposite directions, there 
will be no movement at some 
section 00 and the periodic 
times of the flywheels will be 
equal. The centre of the sec- 
tion 00 is called a node, or the section may be called 
a nodal section. Once the position of 00 is known, 
then either flywheel with its part of the shaft up to 00 
may be treated as shown in Art. 86. 

Let the section 00 be li from flywheel 1 and I 2 from 
flywheel 2, then Let Ii and Ij be the moments 

of inertia of the flywheels about the axis of rotation and 
let Tx and Tj be their periodic times, which, as already 
stated, are equal. 

It was shown in Art. 86 that the periodic time 
T^27rVd21l/C7rd*, and this formula may be applied to 
each part of the system. 


Therefore 


32lxZx 

Cnd* 


and 




321^ 

CTrd^ 

But Ti=T 2 , therefore 

Ii^i ™ l2^a • • • 

Also 

Solving the simultaneous equations (3) and (4) gives 

I2I . , III 

and 

Ii + 12 f 1 + la 


( 1 ), 

( 2 ). 

( 3 ). 


h- 
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Substituting the value of in (1) or the value of 1 ^ in (2), 


Periodic time Ti==T 2 = 27r* 


32Iil2? 


(5). 


4 c w 


X 


i . . 

■ 1 0 ~>'K" 7 6 >1 < 

c| 

Fig. 168. 


C7rd^(Il+l2) 

Example . — The shaft shown in Eig. 158 carries two 
heavy masses at A and B and is driven by a light gear 
situated at CO. The weight of A is 800 lb. and its radius 
of gyration is 27 in.; the 
corresponding values for B 
are 1200 lb. and 33 in. The 
shaft diameter between CC 
and B, marked X in., is un- 
decided. Assuming it to be 
3i in. , determine the frequency 
of free torsional oscillations 
of the system. Thereafter, 
determine what X should be if the node of the vibration is 
to be in the plane, CC, of the drive. Deduce any formula 
used. 

Rigidity Modulus = 12 x 10® lb. per sq. in. 

Taking X = 3| in., the first step is to find the position of 
the node of the vibration. Assuming* that the node is in 
the 16-inch length on the right, let it be at a distance x 
from the end B of the shaft. Let and Ib be the moments 
of inertia of the masses about the axis of rotation, and let 
the mass of the shaft be neglected. 

If Ia were equal to I^ and if the shaft were of uniform 
diameter, the node would be midway between the masses. 


1200 

9 


x332 being 


or 18' 6 inches from the end B. But Ib = 

considerably greater than 1^ = — x27® causes the node 

9 

to be nearer B than A, and the greater diameters on the 
7-ineh and 6-inch lengths have a similar effect. 

Therefore it seems highly probable that x is less than 
16 inches, as already assumed. 

_o 

ox* 


Periodic time of mass B is Tb 
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From equation (5) of the preceding Art., it follows that 


Periodic time of mass A is T^ = 27r 




( 2 ). 


But 


Tb = Ta, therefore Ijj~ = Ia^ 


or, substituting numerical values, cancelling <7, 

X 


1200 X 332-^ = 800 X 272 
3-5^ 


i?L 1 

,3-5^ 4*25^ 5^ 


Multiplying each side by and simplifying, 

l^UU X uO* 

^ =1^(10 + 3*22 + 1*20 >H 15 - a;) 

from which a; = 9*08 inches, and the assumption that this 
value would be less than 15 inches is correct. 


Frequency f=~=— J9^. 

^ ^ ■> T:b 277V 32Ii,j: 

Substituting numerical values and taking g = 32*2xl2 
in./sec.2, 


/ 


1 /l2 X 10« X tt X 3*5^ x 32-2 x 12 

277 V 32 x 1200 x332x9*08 


= 12*1 osoillations/seo. 


The value of X will now be found so that the node of the 
vibration may be in the plane CC. 

The periodic times of the masses A and B are equal, 
therefore 


Ia2 ^ CC) =IbX Ja 


Substituting numerical values, cancelling g, 


800 X 272 




1^ 


7 

4-25* 


2‘5\ 

^ 5^7 


= 1200 x332 


6 * ^xv 


Simplifying and solving for X, gives X=4*48 inches. 


89. Torsional Vibrations — Unloaded Shaft Fixed at One 
End. — Consider a shaft OX (Fig. 159), of diameter d and 
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length Z, fixed at 0 and making torsional vibrations about 
its longitudinal axis. Lot F be a section at a distance x 
from 0, and let Q be a section 



P Q 

Fia. 169. 


near to R and at a distance 
jc + Sic from 0. 

When a uniform shaft of 
length Z is twisted through an 
angle 0 by a torque Tg, then 
Tg=Ig,C0/Z, where Xp—nd^/^2 is the polar moment of 
inertia, or second moment of area about a perpendicular 
axis through the centre, of a cross-section and 0 is the 
modulus of rigidity, and the torque has the same value at 
every section. 

In the case to be considered the torque varies from section 
to section on account of the inertia of the vibrating shaft. 
Let hd be the angle of twist in the length 8x, then 
Tg=Ij,C80/Sa;, and if 8a; is made indefinitely small the 
torque at the section P is ultimately obtained. 


Torque at P is 


T -I 0— 


( 1 ). 


the symbols of partial differentiation being used because 
time t is also a variable. 

Torque at Q is 


T,+— "S*=I,c|^ + IyC^Sa: 
^ dx ^ dx ^ dx^ 


( 2 ), 


the terms on the right of the equality sign being obtained 
from (1). 

Prom (1) and (2), by subtraction, the change of torque 
in the length 8a; is 

d^d 

1,0^. . . . (3). 

The change of torque given by (3) produces angular 
acceleration in the mass of length 8a; and is equal to 
or 

p\8x d^d 

9 ... 


( 4 ), 
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where p is the density and l=^plpZxlg is the moment of 
inertia of the mass about the axis of rotation. 

Equating (4) to (3) and simplifying, then 




( 6 ), 


where the substitution a^=Cg/p is made for convenience. 

Suppose that the free end of the shaft is twisted through 
an angle ^nd released, then, measuring time from the 
instant the shaft is released and assuming that the 
vibrations are harmonic at every section, 

let 0=Xcosan5 . . . (6), 

where X is a function of x only. 

From (6), by partial differentiation, 

d^d 

= — cu^X cos a)t= — 
dt^ 

, dw d^x d^x e 

and — =-Y-vCOS cot = -r-r- 

dx^ dx^ dx^ X 


Substituting these values in (6), 


“0)20 =:a 


.^1 

dx^ X’ 


or 


d^X 

dx'^ 


-i--,X = 0 


in 


The solution of this equation is 

„ . CO _ . 0 ) 

X = A cos — a; + B sin -x, 
a a 

and substituting this value of X in (6), then 

( o> \ 

A cos -a; + B sin ~x cos cot • (8) 

a a } 

is the solution of (5). 

The values of the arbitrary constants A and B will now 
be determined. 

At the fixed end, aj = 0 and 0 = 0 for all values of 
therefore 0 = (A + 0) cos cot, from which A = 0, 
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Putting A=0 in (8), 

Cti 

sin -~x cos cot . 
a 

At the free end, 

x~l and d = 6o when t — O, 

therefore 

00 — B sin ~L from which B = 0o/sin -h 
a a 

Substituting this value of B in (0), then 


( 9 ). 


sin —X 
a ^ 

. CU 

sin 


- cos cot . 


( 10 ). 


„„ cos -K 
86 CO . ct 

Differentiating, ^ cos 

sin -I 
a 


Now at the free end of the shaft the torque is always zero, 
so that when a;=Z, 8918x^0 for all values of t, therefore 


0 =-00 cot 
a 


—I cos cot, from which cot =0, 
a a 


and so 


<0^ IT ^TT jn 
®2’ ®2’ 


and the fundamental vibration is given by putting ~l = 

or sin -^ = 1, in (10). 
a 

Therefore 6 — 6q sin -x cos cot, 

a 

r, ^ . ttx Tta 

fl = e,sm-jOOB-«. . . 

The periodic time of this vibration is 

lira 4Z / n 


or 


( 11 ). 


to! 
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The frequency is /= i 

As a numerical example supiDoso the shaft is 5 ft. long, 
and take C = ll-7xl0« Ib./im^, p = 490 lb./ft.» (for steel), 
and gr = 32*2 ft./sec.®. 

Working in lb., ft., and sec. units, then 


1 /ll-7 X 10® X 144x32-2 

•^“’4x5V 490 


= 526 oscillations /sec., 


which is seen to be very high. It will be noticed that the 
diameter of the shaft does not enter into the calculations, 
and provided the cross-section is circular, the shaft may 
be solid or hollow. 


90. Transverse Vibrations of a Beam Carrying One 
Concentrated Load. — If a beam is deflected and suddenly 
released it will make transverse vibrations. The simplest 
case occurs when the beam carries a concentrated load of 
such magnitude that the mass of the beam may be 
neglected. A particular example is illustrated in Fig. 160, 
The deflection of the beam is pro- 
portional to the load W, and if the 
beam is deflected beyond the posi- 
tion of statical equilibrium and ^ 

released, then, disregarding damp- 
ing, the load will vibrate with simple harmonic motion, as 
did the load supported by a helical spring (Art. 83, 
p. 163), Since the beam acts as a spring the mathe- 
matics is the same in each case. 


i= 


T 






Periodic time T = 27 t 


4 


where S is the statical deflection duo to the load W. 


Frequenoy/=l = i^|. 

The formulae are not strictly correct if, as the beam 
vibrates, the load turns about an axis perpendicular to 
the plane of vibration, as shown diagrammatically in 
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Eig. 161, where the two short lines, one continuous and 
one dotted, indicate two positions of the load. However, 
the angular motion and the rota- 
tional energy involved are usually 
small and may be neglected. 

Example. — To find the natural Fia. 161. 

frequency of vibration when a load 
of 1600 lb. is carried at the centre of a beam, 20 ft. long, 
simply supported at each end. The statical deflection for 
a central load W is WZY'fSEI and it is given that I = 122* 3 
in.* and E = 30 x 10® Ib./in.^ 

Fx.equ6ncy/=l7f=2Vw- 

Using lb., inch, and sec. units, 

/ 48 X 30 X 10® X 122-3 x 32>2 x 12 
‘''~27rV 1600 X 20® X 12® 

= 9*12 oscillations/seo. 

91. Transverse Vibrations of a Beam Carrying More than 
One Concentrated Load. — An approximate method which 
may be applied to a beam carrying any number of concen- 
trated loads will now be considered. A particular example 
is illustrated in Eig. 162, 
where a beam carries loads 
Wi and Wg and the statical 
deflections at these loads 
are and Sg respectively. 

It will be assumed that the weight of the beam may be 
neglected, that the loads vibrate with simple harmonic 
motion of the same frequency, that the amplitude of the 
motion of each load is r times its statical deflection, and 
that each passes through its position of statical equilibrium 
at the same time. 

The method to be employed consists of equating the 
sum of the kinetic energies of the moving loads at their 
mean positions to the sum of the strain energies stored in 
the beam, due to vibration, when each load is at its 



Fia. 162. 
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maximum deflected position. The rotational movement 
of each load about an axis perpendicular to the plane of 
vibration will be neglected. 

First consider one load W having a statical deflection S 
and therefore, by assumption, an amj)litude rS. Since 
deflection is proportional to load, it follows that a de- 
flection rS could be produced by a force rW. In Fig. 163 
the load W is represented diagram- 
matieally in its mean position by a 
black dot and the ■ amplitude rS is 
shown greatly magnified. As indi- 
cated in the Fig., if a radius OA =rS 
rotates with an angular velocity 
CO rad./sec., then the projection P 
of A on the diameter YOY' will 
have a maximum velocity v — corS when it is at the mid- 
point 0, and this is the maximum velocity of the load W. 

The kinetic energy of the load W when in its mid-position 



is 


W W 


The strain energy stored in the beam, due to the vibration, 
when the load is in an extreme position is JrW.rS or 

Equating these energies, 


from which 


W 

^9 


and for one load this leads to the results obtained in the 
preceding Art. 

For a number of loads the frequency becomes 

/ = ^ osciliations/seo. 

'' 27r 27rV SWS® 


For the particular example shown in Fig. 162, 

/sKWA+WA) mi .. , 

IN -ir8?Tw78T‘ 


2‘7r^ 
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In applying this method to a numerical example, the 
major part of the work often depends on finding the values 
of the deflections under the loads. Another way of solving 
this problem is by Dunkerley’s formula given in Art. 94 
on the Whirling of Shafts. 


92. Transverse Vibrations of an Unloaded Beam Simply 
Supported at Each End. — Consider a uniform beam of 
length I, weighing w lb. per unit length, simply, supported 
at each end (Fig. 164 (a)). When the beam is vibrating 
let y be the deflection from 
the mean position, at time 
of any point on the centre 
line of the beam at a distance 


(a) 


i 


IV LB. PER UNIT LENGTH 


i 




y 

Fig. 164. 


X from one end, as shown ^ 
at (6) where the deflection is (&} 
exaggerated. The deflection 
of the beam due to its 
weight need not be considered, and it is to be understood 
that the deflection y is entirely due to vibration. It will 
be supposed that the vibration is caused by a force, or 
series of forces, deflecting the beam and then being re- 
moved suddenly. Time t will be measured from the 
instant when the applied forces are removed. 

wZx d^y 

TW 

The elastic force on the same length depends on the 


The inertia force on a length Bx at time t is 


deflection and is -El 


(Art. 97, p. 207), the sign 


being negative because the elastic force is always directed 
towards the mean position. The constant E is the 
modulus of elasticity of the material, and I is the moment 
of inertia or second moment of area, about the neutral 
axis, of a cross-section of the beam. 

Equating the elastic and inertia forces and dividing 
by Sa;, 

_EI^=“ ^ 

8 ** g dli’ 
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or 


dx^ 


Assume that every point on the beam moves with 
harmonic motion and let 


2/=Xooscoi . . . (2), 

where X is a function of x only, co is in rad./sec., and t is 
time in sec., then from (2), by jiartial differentiation, 


d^y 

dx^ dx^ 


cos 


cot 


and 


= *“ cu^X cos cot. 


Substituting these values in (1), 

d^X w 

cos cot — cos cot = 0, 
dx^ f/El 

then, dividing by cos and putting {wJg'W^vo^ — for 
convenience in the work which follows, 


d*X 

dx^ 


a^X=:0 


( 3 ). 


The general solution of this equation * is 

X = A cosh aa; + B sinh ax-hC cos oa; -f- B sin ax (4). 
Substituting this value of X in (2), 
y — {A cosh aa; 4- B sinh aai + C cos atr 4- B sin aa:) cos cot (5), 

and the arbitrary constants A, B, C, and B may be found 
by considering the following conditions, which are true for 
dh/ 

all values of ^ : y and — ~ are zero at each end of the beam, 
ox^ 

~ being proportional to the bending moment. 

Bifferentiating (5) twice with respect to x, 

^ = a^(A cosh aa; 4- B sinh ax-C cos ax - B sin acr) cos cot (6). 


See the author’s Mathematics or any book on Differential Equations, 
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Putting a;=0 and 2 / = 0 in (5), 

0=A + C . . . (7). 

dhi 

Putting x=0 and (^)> 

0=A~O . . . (8). 

From (7) and (8), by addition and subtraction, it follows 
that A=0 and C = 0. 

Putting x=:l,y = 0, and A = C = 0 in (5), 

0 = B sinh aZ + B sin . . (9). 

Putting x—l, A = C = 0 in (6), 

0=:B sinh aZ - 1) sin aZ . . (10). 

From (9) and (10), by addition, 

2B sinh aZ = 0. 

Either B = 0 or sinh aZ = 0. If sinli aZ = 0 then aZ ~ 0, But 
al cannot be zero when the beam is vibrating because 
{w/g'El)cD^~a* and co is not zero; therefore B = 0, 

Equation (5) now reduces to 

2 / = I) sin aa; cos coZ . . (11). 

From (9) and (10), by subtraction, 

21) sin aZ=:0. 


Either I) = 0 or sin aZ = 0, If D = 0, then y is always zero 
in (11) and this means that the beam is not vibrating. 
Therefore sin aZ = 0. 

Therefore aZ=7r, 27r, Stt, etc.. 


a=7r/Z, 27r/Z, Stt/Z, etc. 


But 


>EI 


from which 


V w 


Therefore w may have the following series of values ; 
TT^ jgWl y /^EI ^ 


Wb 


>V w ■” 


9a»i, and so on. 
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Substituting the lowest values of a and co in (11), 


. tto: 

2 / = D sm — cos ■ 
I 


W'w; 
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( 12 ), 


and this gives the fundamental or first mode of vibration. 
The first three modes of vibration are shown in Big. 165. 
The fundamental periodic time is , i 


IT N t 


V) 


: sec. 


OJI TT 'V grEI 
The fundamental frequency is 

•'“~T 2ZW 


• oscillations/seo. 



Example , — Given Z = 10 ft., «; = 9 lb. per ft., I = 10*91 in.^ 
and E =: 30 X 10® Ib./in.^, to find the fundamental frequency. 
Working in lb., ft., and sec. units, 




32*2 X 30 X 10® X 122 ^ 10*91 


•' 2xlOW 
=44*8 oscillations/sec. 

93. Whirling of Shafts— Single Loads. — When a shaft 
rotates there are various speeds at which it deflects, and 
these deflections become dangerous unless the speed of 
rotation is quickly altered. These particular speeds are 
called critical speeds or whirling speeds. When a shaft 
whirls y the centrifugal forces (see Art. 43, p, 73) just 
exceed the elastic righting forces in the shaft itself, and 
the whirling speeds may be found by equating these forces. 
The simplest case occurs when a shaft carries a flywheel 
which is heavy compared with the 
weight of the shaft, then, neglecting 
the latter weight, the shaft will have 
one whirling speed. 

A particular case is shown in Fig 166 

Big. 166, where a flywheel of weight 
W is secured to the centre of a shaft, of length Z, which is 
supported at each end in a short bearing. A short bearing 
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will 1)6 interpreted as one wliicli allows the shaft to deflect 
as if freely supported. 

Let CO he the whirling speed, let y be the deflection of the 
flywheel from the position of statical equilibrium, and 
let h be the force which would cause unit deflection. 

Now deflection is proportional to load, and a deflection y 
would be caused by a force hy and this is the elastic force 

W 

in the shaft. The centrifugal force is —w^y. 

Equating these forces, 

W 

— co^y = hy, 

from which w — 

This result may be written as 

-.4, 

where B-Wlk is the static deflection due to the load W. 
If g is in in./sec.® and 8 is in inches, then ca will be in 
rad./sec. 

The formula may also be expressed as 

Whirling speed rev./seo., 

ZTT y 0 

and it will be noticed that this is the same form as that 
obtained in Art. 90 for the transverse frequency of a beam 
carrying one load. 

Since shaft speeds are generally reckoned in revolutions 
per minute, it is more convenient to give the whirling 
speed as 

The formula may be applied to any shaft carrying one 
flywheel which is heavy compared with the weight of the 
shaft. 
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Bor the case shown in Big. 166, the static deflection of 
the shaft at the central load W is S = WZ748EI, where E 
is the modulus of elasticity and I is the moment of inertia, 
about a diameter, of a cross-section of the shaft. 

Bxample, — Suppose W = 600 lb., Z = 6 ft., E = 30xl0® 
Ib./in.^ and the diameter of the shaft h d— 2 in,, then 
I = 7 r /4 in.*, 


'' 48 EI" 


500x5^x12^x4 

■ 48 x 30 xl 0 »X 7 r 


= 0-0955 in., 




2x12 

^^ = 607 rev./mm. 


94. Whirling of Shafts — ^More than One Load. — ^It has 
been shown in the preceding Art. that the whirling speed 
of a shaft carrying one load has the same numerical value 
as the natural frequency of transverse vibrations. This 
also applies to shafts carrying more than one load and to 
unloaded shafts. Therefore, referring to Art. 91, the first 
whirling speed of a shaft carrying several loads may be 
given, approximately, as 


Whirling 1 


or 


n=Lo 

TT 


0 / gswg 

T V SWS2 


. ( 1 ). 


There is also an empirical formula due to Dunkerley 
which may be used. Suppose a shaft carries loads Wj, 
W 2 , W 3 , etc., and let Ni, Ng, N 3 , etc., be the corresponding 
whirling speeds when the loads are considered one at a 
time. Also let N be the whirling speed when the shaft 
carries all the loads, then, according to Dunkerley’s 
formula. 


1 

• • • 


( 2 ). 


The two methods are illustrated by the example which 
follows. 
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Example . — ^To find the whirling speed in revolutions per 
minute of a steel shaft which is loaded and supported in 
short bearings as shown in Eig. 167, where the linear 
dimensions are in inches. The weight of the shaft is to 
be neglected. 



Fia. 167. ¥ iq . 168. 

First Method . — The static deflection of the shaft is 
required at each load when both loads are acting. In 
many complicated examples these deflections have to be 
found graphically, but in the present case formulae will 
be used. 

Referring to Eig. 168 and denoting the deflections under 
the loads Wi and by and Sg respectively, it can be 
shown for a shaft with freely supported ends that 

8i = -al- a^)}, 

(see Ex. 12, p. 239) and then, from symmetry, interchanging 
the suffixes 1 and 2, 

~ ■" ^2)^ +%Wi(Z^ - af -ag)}. 

The value of 

I=7rdVG4=7rx2V64=77-/4 in.^ and E =30 x lO^ Ib./in.s. 

Substituting numerical values, working in lb. and inch 
units, 

P-al~al^ 722 - 1 32 - 30^ = 3960, 

- X 18 X 100 X 642 + 30 X 80 X 

G x30 X 10®X7rx72^ ^ 

= 0-0354 in. 
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and 

30 X 4 

§2 = — - — ~-{2 X 30 X 80 X 422 + 18 X 100 X 3960 } 

6 X 30 X 10® X TT X 72 ■* 

= 0-0460 in. 


Whirling speed 

oJg^Wl 


N: 


30 


SW82 ■ 




30 g{W^di + W,B,) 


W^Bl + \Y,S( 


rev. /min. 




2 X 12(100 X 0-0354 -1- 80 x 0-0460) 


100 X 0-03542 + 80 X 0-04602 
= 929 rev./min. 


Second Method . — When using this method the loads are 
considered one at a time and a formula is required for the 
deflection, under the load, of a shaft carrying one load. 

In Fig. 169 (A) a load W is carried on a shaft of length 


a + b at a distance a from one 

W 

end and the shaft is freely 


supported at each end. De- ’ 

L i 

noting the deflection under the 

1 1 

load by S, it can be shown 

i 1 1 _._j 

(Art. 106, p. 221) that :| 


Wa252 

' 100 lb. ' 

K 42 30 > 

^“3(fi + i)EI’ (C)_ 


13 

and, as before, E =30x10® 1 

1 

BO Ik 

lb./in.2 and 1 = 77/4 in.*, 

Fia. 169. 

Considering the 100-lb. load 



(Fig. 169 (B)) and denoting the deflection under it by 
then substituting the numerical values in the formula, 


Wa262 100 x 182 x 542 x4 

‘ ~ + b)m ~ zVn X 30 X 10« ^ w ~ ’ 


If Nx is the whirling speed when the shaft carries the 
lOO-lb. load, then 
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Considering tlie 80-lb. load (Eig. 169 (C)) and denoting 
the deflection under it by Sg, then substituting numerical 
values in the formula, 




80 X 42® X 302 X 4 


= 0-0250 in. 


"’“3(c5 + 6)EI 3 x72 x 30 X 108 xtt 

If Ng is the whirling speed when the shaft carries the 
80-lb. load, then 


30 /gr 30 /32'2xl2 
0-0250 


= 1190 rev./min. 


The whirling speed N when the shaft carries both 
loads is given by 


1 _ 1 1 _ 1 1 
“ Ni “■ 1380* 1190*’ 


from which 




13802x11902 


13802 + 11902 


= 901 rev./min. 


and this result is about 3 per cent, lower than that obtained 
by the flrst method. 


95. Whirling Speeds of an Unloaded Shaft with a Short 
Bearing at Each End. — Theoretically, an unloaded shaft 
will ’whirl at an infinite number of speeds, but in practice 
it is not possible to run the shaft fast enough to reach more 
than a few of these critical speeds, and in many cases it is. 
only the first whirling speed which need be considered. 

In Eig. 170 an unloaded shaft, j 

of length I and of uniform diameter | t i " j- V 

d, is shown supported at each end \ [ * 

in a short bearing. As previously 
explained, it will be assumed that 

a short bearing allows a shaft to deflect as if it were simply 
supported. 
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Let y be the deflection at a distance x from one end, 

E the modulus of elasticity of the material of the 
shaft, 

I the moment of inertia of a cross-section about its 
neutral axis, 

w the weight of the shaft per unit length, 

CO the whirling speed, 
and g the acceleration due to gravity. 


The whirling speed may be found by equating the 
elastic force and the centrifugal force acting on a length 

Sx, The elastic force is El^Sa; (Art. 97, p. 207) and the 
centrifugal force is therefore 


w „ 


or 


d^y woy^ 


0 


( 1 ). 


Denoting by a^, for convenience in the work which 


follows, then 




( 2 ). 


which is the same form as equation (3), Act. 92, obtained 
when considering the transverse vibrations of a beam‘ and 
the solution is 


y = A cosh aa; 4- B sinh aa: + 0 cos aa; + D sin ax (3). 

The arbitrary constants A, B, 0^^ and D are found as in 

Art. 92: y and are zero at each end of the shaft, t"; 
" ^ dx^ dx^ 

being proportional to the bending moment. 

Differentiating (3) twice, 

d^y 

= a2(A cosh aa; + B sinh aa; - C cos aa; - D sin acc) (4). 
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Putting jc — 0 and 2/ = 0 in (3), 


0=:A + C 

. (6). 

d^y 

Putting a;=0 and ^=0 in (4), 


0 

11 

1 

O 

. (6). 

Erom (6) and (6), by addition and subtraction, it follows 

that A=0 and C = 0. 


Putting x=l, y~0, and A = C = 0 in (3), 


0 =B sinh aZ + D sin al 

. (7). 

Putting a;=Z, ^=0, and A=G=0 in (4), 

Q/X^ 


0 =B sink al-D sin al 

. (8). 


Erom (7) and (8), by addition, 

2B sink aZ = 0. 


Either B = 0 or sink a? = 0, If sink a? = 0, then aZ = 0, 
but I cannot be zero and a cannot be zero when the shaft 
is whirling, therefore B =0. 

Eqiiation (3) now reduces to 

2/=Dsinaa; . . . (9). 

Erom (7) and (8), by subtraction, 

21) sin al — 0. 


Either D = 0 or sin a? = 0. If I) = 0, then y is zero in (9) and 
this is impossible for the shaft is whirling, therefore sin aZ = 0. 

Therefore al—TT, Stt, etc., 

and a = 7r/Z, 27r/Z, Stt/Z, etc. 


But from which w = 

SrEI V w 

Therefore o) may haVb the following vahies : — 





= 9Wl; 


and so on, the units being rad./sec. 
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Expressing those whirling speeds in toy, / mm. ^ then 
= = Nx = 4Nx. N3 = 9N.. 

and so on. 

Substituting values of a in (9), then 

. TTX _ . 27rx „ . Zttx 

2 / = Dsiny, «/ = Dsm— , y-Dsm—, 

and so on. From these equations it is evident that when 
the shaft whirls it will bend as shown in Fig. 165, p. 191, 
where 1, 2, and 3 now indicate the first, second, and third 
whirling speeds respectively. 

Example 1. — ^To find the first and second whirling speeds 
of a steel shaft 6 feet long, | inch diameter, supported in a 
short bearing at each end. Assume that a cubic inch of 
steel weighs 0*28 lb. and take E =30 x 10® Ib./in.^. 

The weight of an inch length of shaft of diameter 
d inches is 

w = 0'287fZ2 = 0*077rcZ2 lb. 

4 


Also <7 = 32-2 X 12 in./sec.® and I =7r#/6I- 

Substituting numerical values in the formula 


'V?' 


then 




2 X 12 X 30 X 10» wl* 
O-OTwd^' ^ 64 " 


:4-8 X 10® - rev ./min. 
72 / 


where d and I are in inches. 

Putting cl = f and I = 72, then 

Ni=4-8 X 10® xf X ;^ = 694 rev ./min. 


The second whirling speed is 

N2==4]Sri = 4 X 694 = 2776 rev ./min. 
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Since the value of E was given to two figures only, these 
results are probably correct to two figures only. 


Example 2. — ^To find the first whirling speed of the shaft 
described in Ex. 1 if a mass weighing 6 lb. is attached to it 
midway between the bearings. 

First suppose the shaft to be weightless, then the 
whirling speed due to the 5 -lb. load is given by the 
formula 



TT 



rev./min. 


where, in this case, 


48EI~48E’'OTd‘’ 


(Art. 93), 


(Art. 100.) 


Substituting numerical values, using lb. and inch units, 


6x72® 64x4^ 

. X rr = 0'0834 in.. 


48 X 30 X 108 ^ X 3^ 


and 


N: 


^ / 

TT N 


30 /32-2 xl2 
0‘0834 


= 650 rev./min. 


The first whirling speed of the shaft due to its own 
weight when there is no other load was found in Ex. 1 to 
be Ni = 694 rev./min. 

The two results may be combined now by Dunkerley’s 
empirical formula given in Art. 94. Denoting the whirling 
speed by N^ when the 5 -lb. load and the weight of the 
shaft are both taken into account, then 

- 1 = 1 . 1 -— 1 - 
N* N'''''N?“6502'''694“’ 

from which Nc = 474 rev./min. 
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Exercises X 

When required, assume, unless otherwise stated, that for steel 
E==30xl0® Ib.jin.^ and C = ll*7xl0® Ib.lin.^, and take (/ = 32’2 
ft.isec.K ^ 

1. A Hght helical spring, which stretches 1 inch with a load of 
2 pounds, is fixed at its upper end. From the lower end hangs 
another light helical spring which stretches 1 inch with a load 
of 1|: pounds. To the lower end of the latter spring is attached 
a body weighing 6 pounds. 

Find the period of an oscillation of the body along the axis of 
the springs. Prove the formula you use. [B.E.] 

2. It is found that a given mz " " ‘ 1i ^ ■ ■■ a fixed point 

by a light helical spring, falls a ■ ■ ■ i before rising 

if it is carefully attached, without stretching the spring, and is 
then allowed to fall under gravity. Porm the equation of 
motion and deduce the number of vibrations per minute. 

The mass when suspended from a second light spring makes 
300 vibrations per minute. If the two springs are now joined 
end on and the mass again suspended, how many vibrations per 
minute will be made ? 

If, when the mass is at rest, an equal mass be dropped on to 
it from a height of one foot, without rebound, find how far the 
two masses will descend before coming momentarily to rest. 

[B.E.] 

3. A body weighing 6 lb. vibrates with a frequency of 4*9 
oscillations per second in a vacuum and a frequency of 4*8 
oscillations per second when the motion is damped % a resistance 
which is proportional to the velocity. Find the resistance per 
unit velocity. 

4. A weight of 20 lb. is attached to a spring requiring 10 lb. 
to extend it by 1 in. The weight is deflected 6 in. from its 
equilibrium position and is then allowed to vibrate under the 

action of a periodic force 60 cos ^t lb., where t is measured from 
the instant of release. 

Draw a curve showing its position at each instant during the 
first 3 seconds, {a) if vibrating in air, (6) if vibrating in a very 
viscous filuid which offers a resistance to motion equal to 10 lb. 
when the velocity is 1 ft. per second. [U.L.] 
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5. A body of mass 80-5 lb. has a simple harmonic motion under 
a force of 31-26 lb. per foot displacement. Find the period. 

If the body be retarded by a frictional force proportional to 
the speed, and equal to 3-75 lb. per ft./seo., find the new period 
and the log. dec. of the amplitude. 

If, further, there is in action a force R sin^?#, of period 2 sec,, 
find R in order that the amplitude of the forced oscillation may 
be 0-6 ft. [B.E.] 

6. Show that the inclination 6 to the vertical, at any time t, of 
a simple pendulum of length I making small oscillations in a 
medium in which the resistance per unit mass is Ic times the 
linear velocity is given by 

The time of a complete oscillation o^ i •. 

small oscillations in vacuo is 2 seconds ; if . - 

due to the air is 0-04 times the angular veioemy ot rne penauium, 
and the initial amplitude is 1°, show that in ten complete 
oscillations the amplitude will be reduced to approximately 40'. 

[U.L.] 

7. A flywheel weighing 66 lb. is suspended by a steel wire 
10 feet long and of 0-144 inch diameter (Fig. 171). 

It is found by experiment that the flywheel makes 
20 complete torsional oscillations in 147 seconds. 

Find the radius of gyration of the flywheel. 

8. The crankshaft of an engine carries two disc 
flywheels 4 feet diameter and each weighing 1 ton. 

These are mounted 3 feet 6 inches apart on the 
shaft, which is 4 inches diameter. Determine the 
time of natural torsional oscillation of the system. 

Take the modulus of rigidity of the material as 
12-6 X 10® lb. per sq. inch. [H-L.] 

9. The shaft shown in Fig. 172 is fixed at one end and carries 
at the other end a flywheel 
which weighs 60 lb. and has a ] 
radius of gyration of 7 1 inches. 

The diameters and lengths in- 
dicated are in inches. Find the 
natural frequency of torsional 272. 

oscillation of the system. 

10. A shaft, of length I and circular cross-section, tapers 
uniformly from a diameter di to a diameter (Zg- If if is fixed at 
one end and has a heavy flywheel of moment of inertia I 
attached to it at the other end, find the value of the periodic 
time of torsional oscillation. 




56 lb. 
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11. Calculate the lowest frequency of torsional vibration of a 
steel shaft 20 feet long which is held at one end. Assume the 
weight of a cubic foot of steel to be 490 lb. 

12. A uniform circular plate of 18 inches diameter, mass 12 lb., 

is .1. f' b;.' ,:,]]y by a vortical wire attached to its centre 

'ipp* ■■ '’nd. The period of a complete torsional 
oscillation is 2*2 seconds. 

Find the couple required to turn the plate through one 
revolution. 


A small body of mass m lb. rests in a groove on the plate. 
Assuming that the efieot of the groove and the added mass on 
the inertia of the plate is negligible, find the greatest frictional 
force brought into play to prevent the body sliding when the 
amplitude of the oscillation is 90°, (i) when the groove is radial 
and m is 6 inches from the centre, (ii) when the groove is circular, 
concentric with the plate, and of 6 inches radius. [B.E.] 

13. A simply supported girder has a span of 10 feet and its 

dimensions are such that a single load of 1 ton at mid-span 
produces a deflection of 1/lOth inch. A single-cylinder engine, 
weighing 300 lb., is mounted on the girder at the centre of the 
span and is out of balance by an amount equivalent to a 
weight of 1 lb. at a radius of 4 inches. The frictional and 
other resistances to vertical movement of the system are 
proportional to velocity and have a value of 10 lb, for a 
velocity of 1 foot per second. Find {a) the speed of the 
engine at which maximum deflection occurs in the girder, and 
(6) the maximum mid-span deflection when the engine runs at 
200 r.p.m. [U.L.] 

14. A disc weighing 9 lb. is mounted with its axis horizontal 
at the middle of a light beam which deflects 3*85 inches under 
the weight. Calculate the natural period of vibration of the 
system. 

If the disc is lifted, so that the weight is just taken from the 
beam, and then released, draw a curve showing the position of 
the weight during the first two seconds of movement (1) when 
there is no damping, (2) when the motion is damped by a 
resistance proportional to the velocity, having a value of 4*2 lb. 
at 1 ft. per sec. 

If the O.G. of the disc is 1^ inches out of truth, and the disc is 
rotated at speeds increasing from zero to 200 r.p.m., the motion 
being damped, draw a curve showing the maximum amplitude 
of vibration at each speed. Draw a curve showing how the 
difference of phase between the out-of-balance force and the 
displacement of the disc varies with the speed. [U.L.] 

16. An unloaded beam is fixed at one end and is quite free at 
the other end. Using the notation of Art. 92, show that 
cosh aZ =- sec aZ when transverse vibrations occur; then, 
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solving this equation graphically, show that the lowest value 


of al is 1*876. [Hint . — ^When x=0, then y = 0 and ~^0; when 

ox 

then 1^=0 and ^=0.] 
dx^ dx^ 


Given I - 10 ft., w; =9 lb. per ft., I » 10*91 in.^, and E = 30 x 10® 
lb. /in.**, find the fundamental frequency of vibration. Compare 
this frequency with that obtained in the example worked out 
on p. 191. 

16. A steel shaft 8 feet long and 3 inches diameter is supported 
at each end in a short bearing and carries a disc weighing | ton 
at a distance of 3 feet from one end. Eind the whirfing speed, 
neglecting the weight of the shaft. (The deflection formula 

reqmreais8=3^^;^.; 

17. A steel shaft is loaded and supported in short bearings as 
shown in Eig. 173, where the linear dimensions are in inches. 
Neglecting the weight of the shaft, 
find the lowest whirling speed by 
each of the methods described in 
Art. 94. 

18. Obtain an expression for 
the first whirling speed of a 
uniform shaft supported freely at 
its ends and unloaded ; also an expression for the whirling speed 
of a weightless uniform shaft with a central load; then combine 
the two expressions. 

Eind the first whirhng speed of a shaft, 0*5 inch in diameter 
and 24 inches in length, carrying a load of 2*26 pounds at its 
middle point. The metal of the shaft weighs 0*3 Ib./in.® and 
E = 30xl0oib./in.a [U.L.] 

19. If the ends of a shaft are constrained in long bearings so 
that the slope at each end is zero, show, using the notation of 
Art. 95, that the shaft wUl whirl when cosh aZ- sec a?. By 
solving this equation graphically, show that at the lowest 
whirhng speed a? ==4*73 approximately. 

20. In order to find the moment of inertia of an accurately 
balanced turbine disc of mass M lb. keyed to a shaft of radius 
r ft., the disc is placed with the shaft horizontal and resting on 
level surfaces on either side, and a small mass m lb. is fixed to 
the wheel at a distance h ft. from the axis of the shaft. If T 



60 lb. 60 lb.! 


Fig. 173 . 


seconds is the time of a complete small oscillation, prove that 
the moment of inertia of the wheel is given by 



[U.L.] 
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21. Prove that the period of oscillation of the sleeve of a 
Porter governor in which the speed of revolution is co rad./sec. is 

Ip _ ^Trhn + 2M sin^ a Z sin a li 

<o\ m I sin® a + cj 

if the sleeve is slightly disturbed from its position of equilibrium 
corresponding to this speed. The four links are each equal in 
length to I, and are pivoted at points distance c from the axis 
of rotation, and are, for the configuration corresponding to the 
speed CO, incHned at a to the vertical. The mass of each ball 
is m and of the central load M, [XJ.L.] 



CHAPTER XI 
DEFLEGTION OF BEAMS 

96. Radius of Curvature. — Suppose the curve in Fig. 174 
is the graph of an equation in which y is given as some 
function of x — that is, y=S{x), 

Let P and Q be points near 
together on the curve, the co- 
ordinates of P being x and yy 
and the co-ordinates of Q being 
a; + Sa; and y -f hy, 

Draw the tangents at P and 
Q and let these tangents make 
angles Q and 6-\-Sd, respec- 
tively, with the axis OX and 
consequently an angle Bd with 
one another, Draw the normals 
PC and QC, intersecting at C, then the angle PCQ is 
equal to 80. 

Let the length PQ, measured along the curve, be Bs, then 

1 B6 

CP. 80= 8s or ^5 = 5 “ approximately. 

Oir oS 

When Q is indefinitely near to P, then CP becomes the 
radius of curvature of the curve at the point P and will be 
denoted by the symbol R, then 

i___de 
R ds* 

which may also be written as 

1 _dQ dx 
R dx ds 
206 
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At the point P, — =tan 9, therefore, tliiferentiating with 
respect to x, 

tarn which S-S{'+(*)’}' ■ ■ '“I- 

Since (S.s)^ = (Sa:)2 + approximately, therefore, divid- 
ing by (So;)® and taking the square root of each side of the 
equation, 


and in the limit 


^ ~ 1 1 + { ~ ] I approximately, 

'M-OT- ■ ■ 


Erom (1), (2), and (3), 

l=3/{‘*(£)T ■ ■ “>■ 

dl/ 

When ^ is very small, as in the ease of a slightly 

deflected beam which was straight initially, then is 

negligible compared with unity, and equation (4) may be 
written 

1 d^y 

" = — approximately . (6). 


97. Deflection of Beams. — In Eig. 175 AB is a beam 
deflected downwards from its initial position along AX by 
some applied load or loads, the 
amount of deflection being ex- 
aggerated. Taking the origin 0 
at A, or wherever convenient, then 
at any point P on the beam the 
distance from the axis OY is x and the distance below the 



Fig. 175. 
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axis OX is y. This distance y is known as the deflection 
at the point P, The sign of y will be taken as positive 
when the deflection is downwards. 

E M 

At any cross-section of a beam, it is known that ^ — ^ 

xvi X 

(see Applied Mechanics^ Arts. 109 and 110, pp. 103-106), 


where E is the modulus of elasticity, 

H is the radius of curvature of the neutral surface, 
M is the bending moment, 

and I is the moment of inertia, about the neutral axis, 
of the cross-section. 

But, as shown in the preceding Art,, ~ therefore 


dhj __ M 
^“EI* 


( 1 ). 


The question of signs must now be considered. In 
Figs. 174 and 175 the concave side of the curve is towards 
the positive direction of y, and it is evident that a hogging 
bening moment produces this effect in Eig. 176. There- 
fore, if a hogging bending moment is regarded as positive, 
equation (1) is correct. However, in the Applied 
Mechanics, p. 88, a sagging bending moment is taken as 
positive and, following this convention, equation (1) must 
be written 


dx^'^ El 


( 2 ). 


The procedure in finding the deflection at any section 
of a beam is quite straightforward. The bending moment 
at any section is expressed in terms of x, then - M/EI is 
integrated twice with respect to x. The first integration 


gives ~, the slope, the second integration gives y, the 

deflection, and in each case the value at a particular 
section may be obtained by substituting the corresponding 
value of X. 

Equation (2) may be put into other forms which are 
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sometimes useful. It can be shown that =:F and 
dF 

where F is shearing force and w is the distributed 
load per unit length. 

Therefore differentiating (2), taking I to be a constant, 


li 

1 dM. F 

El lx ~ Ei 

• 

• (3), 

II 

1 <^F 

"Eld^'^Ei ‘ 

. 

• (4). 


Starting with the load, using equation (4), the deflec- 
tion is obtained after integrating four times. Since 
each integration introduces a constant which has to be 
determined, it is quicker to use equation (2) whenever 
possible. 

It should be noted for reference that w;=EI-v-^. In the 

dx^ 


whirling of a shaft (Art. 95, p. T9 6), the load per unit length 
is not a static load w but is assumed to be due to centrifugal 

force and is equated to which is regarded as the 


elastic righting force per unit length in the deflected shaft. 

The direction of this elastic force is towards the mean 
position and its sign must be taken into account when 
required, as in the transverse vibrations of a beam 
(Art. 92, p. 188) where the negative sign is used. 

A number of deflection examples are worked out in the 
Arts, which follow. As soon as the student is familiar 
with the method, he should work out each case himself and 
compare his solutions with those given in the text. It is 
to be assumed, unless otherwise stated, that I is a constant 
for each beam, that the beams are horizontal and weight- 
less, that all supports are at the same level, and that the 
slope is zero where the beam is built-in or direction fixed. 
A built-in beam is sometimes referred to as being encastered 
or encastrL 

The deflection due to the weight of a beam is equivalent 

o 
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to the deflection due to a uniformly distributed load 
carried by a weightless beam, and may be taken into 
account when necessary. 

Lastly, it may be pointed out that the deflection at any 
section due to several loads on a beam is equal to the 
algebraic sum of the deflections at the section when the 
loads are on the beam one at a time. 

98. Cantilever Loaded at Free End. — cantilever of 
length I carries a load W at the free end (Fig. 176). 

Taking the origin 0 at vvi 

the fixed end, then at a f rrz. ^ ~ 

section s a distance x from ~ ; 

0 the bending moment is M/'yU 1 J, 

M=~W(Z~rr), Fia.m, 


the sign being negative because the bending moment 
causes hogging. Since the reaction at the fixed end is 
R=W, therefore, denoting the fixing moment by M^, the 
bending moment at the section s may also be written as 
M=Wa;-Mi; butMi = WZandsoM=W:r - WZ= ~W{l~x) 
as before. This may seem obvious, but it is a common 
mistake to forget about the fixing moment and the 
student must understand that the bending moment is the 
same whichever side of the section is considered. 

Substituting the bending moment in the equation 


then 

Integrating, 


~Er 
d^y W 




where A is a constant of integration. Assuming that when 
a; = 0, the slope ^ substituting these values gives 


A = 0, therefore 


W 

dx El 


(lx - \x^) 
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and the slope at any section may be found by substituting 
the appropriate value of x. 

W 

Integrating, y = + B), 

where B is a constant of integration. When x—0, the 
deflection y = 0, and substituting these values gives B=0, 
therefore 


and the deflection y at any section may be found by 
substituting the appropriate value of x. 

The maximum deflection occurs when x~ly therefore 




3EI* 


99. Cantilever Loaded Uniformly. — A cantilever of length 
I supports a uniformly distributed load w per unit length 
(Fig. 177). 

Taking the origin 0 at the fixed end, then at a section s 
a distance x from 0 the bending moment is 


which is obtained by considering the part of the beam to 
the right of the section 8. u) per unit length 

Considering the pant of the f : : .v:. •-..-TrrTT:' : — X 

beam to the left of the 

section s, if the fixing Mpy p ^ ^ 

moment is and the re- 
action is R, then 

and 'R—wl, and the bending moment at the section s is 
M=Ra; - -Ml, which reduces to the value already 
obtained. 


d^y 

Substituting the value of M in the equation = 


M 

El’ 


dx^ 


w 


ip -2lx+x^). 


then 
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Integrating, ^ ~ + A) 

where A is a constant of integration. When a; = 0 it is 
dy 

assumed that the slope substituting these 

values gives A=0, therefore 
dy _ w 


and from this equation the slope may be found at any 
section of the beam. 


Integrating, y = 


2Er’ 


W - 4- B), 


where B is a constant of integration. When a: = 0, y = 0, 
and substituting these values gives B = 0, therefore 


2/ = 


2EI 




and from this equation the deflection may be found at 
any section of the beam. 

The deflection is a maximum when x~l, therefore 

■w wl^ 

Vm.!- V +12^n-gj;j 

If the total load wl is denoted by W, then 

100, Beam Supported at the Ends and Loaded at the 
Centre. — A beam simply supported at each end carries a 
central load W (Eig. 178); ^ w 

the distance between the 






supports is 1. 

Since the load is at the 
centre, each reaction is 
R = JW. Taking the origin 
0 at the left-hand support, then at a section s a distance 
X from 0 the bending moment is M=JWa;, provided x is 
less than J?. 


Fia. 178. 
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Therefore 

Integrating, 


dx^ 

dx 


M 

“ei" 


w 

2EI^* 




where A is a constant of integration. When aj = J2, the 

slope ”=0, therefore O — JZ^+A and A= - therefore 
dx 


% 

dx 


W 

-a-iC'-P). 


Integrating, 


W 

'dEI 




where B is a constant of integration. When a;=0, 2^ = 0, 
therefore B = 0, therefore 


This equation will give the deflection for values of x 
from 0 to JZ, and this is aU that is required since the 
deflected beam is symmetrical about the centre. 

The deflection is a maximum at the centre, therefore 
putting X = JZ, 


W WZ® 


101. Beam Supported at the Ends and Loaded Uniformly. 
— The conditions are the same as in the preceding case, ex- 
cept that the load is w per unit length, making a total load wl. 
Each reaction is 'R = iwl (Fig. 179). 

UO PER UNIT LENGTH 




-Z- 


ITig. 17if. 


The bending moment M at a section s is 
M = Iwlx - lwx\ 

and this applies for all values of x. 
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Therefore 3= 

Integrating, ^ = - + A). 

When a = il, ^ = 0, 

ax 

therefore + and A=-tV, 

therefore ^ ~ 

■WJ 

Integrating, y = ~ 2 ^( + B). 

When x = 0, y~0, therefore B = 0, 
w 

therefore y~ ~ ~ 


and this equation applies for all values of x. 

The deflection is a maximum at the centre, therefore 
putting X = Ilf 

w 5wl^ 

2'“’^ = “ 12Ei®* - ""384El’ 

mp 

If the total load wl is written as W, then ^ * 

004:Jtlii 

102. Beam Fixed at the Ends and Loaded at the Centre. 
— A beam AB is fixed at each end and carries a central 
load W (Big. 180). The distance between the supports 
is L It will be assumed here, and in similar cases, that the 
ends are fixed in direction only, so that they remain 
horizontal but are free to move towards one another. 

From symmetry it follows that the reactions B are equal 
and that the fixing moments are equal. The beam 
will deflect as shown in the lower part of Big. 180, the 
slope being zero at A and B and at the centre C; and at 
points E and B, equidistant from the centre, the slope 
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will have its greatest values. The parts AE and BF are 
concave downwards and the part EOF is concave upwards. 
The points E and F, where 
the curvature changes, are 
called points of inflexion. 

The positions of the points 
E and F and the deflec- 
tions at C, E, and F will 
now be determined. 

Taking the origin at A, 
then at a section 5, a dis- 
tance X from A, the bending moment is M = Ra; - Mj. Now 
2R=W or R = |-W, therefore 

and this equation holds for values of x from 0 to JZ. 
Therefore g= - “ = 

Integrating, ^ ^ ~ MiS; + A') 

where A' is a constant of integration. 

When £r=0, therefore A'=0. 

dx 

When x^ll, ^=0, therefore 0 ^-^WZ^ - JMi/, 
dx 

from which Mi=JWZ. 

dij W 

Therefore ^ - ^Ix), 

dx 4EI' ' 

The greatest value of ~ occurs when ^ = 0, that is 

(tX u33® 

when M = 0. Therefore JWa;--Mi = 0, or 4Wa:-iWZ=0, 
from which x = \l. This gives the position of the point E, 
and the point F is at an equal distance from the 
end B. 
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Integrating the expression for ^ | 
dX 


where B' is a constant of integration. When a; = 0, 2/ = 0, 
therefore B^ = 0 and 

W 

which holds for values of x from 0 to \l. 

The maximum deflection occurs when x — therefore 

W 'WP 

2/m., = “ =1^211 

At the point of inflexion E, a; = \lf therefore 
W WZ3 

"" SSiEI’ 

and this is also the deflection at the point E. 


103. Beam Fixed at the Ends and Loaded Uniformly.^ — 
The conditions are as in the preceding case, except that 
the load is w per unit length, making a total load wl 


(Eig. 181). 

Each reaction is R = \wl. 
As before, the slope is zero 
at A, C, and B, and the 
points of inflexion are at 
E and E, the lengths AE 
and BE being equal and 
unknown. 

Taking the origin at the 
end A, then at a section 
bending moment is 



M = Ra? - = ^wlx - \wx^ ~ M^, 

and this equation is true for all values of x from 0 to h 
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Therefore 

Integrating, 

™ = - ~{lwlx^ ~ Iwx^ - Mia? + A') 
ax liii 

where A' is a constant of integration. 

When a; = 0, ~ = 0, therefore A' = 0. 
dx 

When x = l, ^ = 0. therefore 0=iwP -iwP 


from which — 

Therefore ^ ~ 


The greatest value of ^ occurs when ^==0, that is 

Q/CC CLX 


when M = 0, or 

Iwlx - Iwx"^ - -^.iWP = 0, 


from which aj = (|-± and 0*789i5 approxi- 

mately. These values give the positions of the points of 
inflexion, E and E, which are seen to be equidistant from 
the centre C. 


Integrating the expression for ™ gives 


y-- - A*'* ~ ® ')> 

where B^is a constant of integration. When a?=:0, 2 /= 0 , 
therefore B' =0, and 

which applies for values of x from 0 to I, 
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The maximum deflection occurs when x—^l, therefore 

2'”'“ ^ ^~3S 4BT ’ 

and if wl is denoted by W, 


At the point of inflexion E, V^)?; substituting 

this value in the expression for y gives the deflection at E, 
wl* WZ« 

^®~864El“864Er 

which is also the deflection at the point E. 

104. Beam Fixed at One End, Supported at the Other 
End, and Loaded Uniformly.— A beam AB, of length I 
between the supports, is fixed at B, simply supported at 
A, and carries a uniformly distributed load w per unit 
length (Eig. 182). The pp^ u^it ifngtw y'""" 

supports are at the same A’ 

level and the slope at B o y — " 
is zero. P ^ J ^ R^M, 


supports are at the same A’ 

level and the slope at B o y — — " 
is zero. [p ^ J ^ R^^M, 

Let P and R be the y! ^ 

reactions at A and B a , )b 

respectively, and let Mj, j 

be the fixing moment at ig 2 . 

B. The point E in the 

lower part of the Fig, is the point of inflexion, the position 
of which is as yet unknown. 

Equating vertical forces, P + R=ttJZ, but since P and R 
are unequal their values cannot be determined until 
another equation has been obtained. 

The origin may, of course, be at A or at B, and each of 
these ways of starting the analysis has its advantages. 
Taking the origin at A, then at a section $, a distance x 
from A, the bending moment is 
M=P£c - 


and so 


. ( 1 ). 
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Therefore + A') . . (2). 

and 2/ = “ ~ + A'a; + B') . (3), 


where A' and B' are constants o£ integration. 

When x = 0, 2/=0, therefore B' = 0. 

When x=^li y=0, therefore 0 = JPZ® - + A'l. 

When cc=l,^ = 0, therefore 0 =JP12 -4i«F + A'. 

Solving these two equations gives 

P = ^wl and A' ~ ~ 

Then R = -zi;? - P = ^wl, and - P/ = ^wP. 

dPy 

At E, the point of inflexion, — = 0, therefore putting 
P=|^^;Z in (1) and equating to zero, 
lwlx-lwx^=^0, 

from which a; = 0 or |Z, and the second of these values is 
the one required. 

Putting x~%l, P=JmjZ, A' ^ and B'=0 in (3) 

and simplifying, gives the deflection at E, that is 

6wP QWP 

^^'“2048BI“2048EI 

where VJ ^wl. 

The position of the point of maximum deflection is found 

dy 

by putting ^ = 0. Substituting the values of P and A' in 
(2) and equating to zero, 

•i^wlx^ ~ \wx^ - -^^wP = 0 . 


The slope is zero when aJ=Z, so a; = 2 is a root of this 
equation and a; - 2 is a factor. Dividing by w(x - 1) gives 
the other factor which is also zero, and the equation 
becomes 


— ^x^ + + ■^ 6 ^^ ~ ^ 
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from which ± V^^)> fhe required root is 

a; = + V33) = 042 15i approximately, 

the other root being outside the range of the data. 

Putting this value of x and also the values of P, A', and 
B' in (3) and simplifying, gives 

id^ 

2'"»='=i86EI=r85El 


105. Beam Supported at the Ends and Loaded at any 
Intermediate Point. — A beam AB of length I between the 


A- 


supports at A and B (Fig. 

183) carries a load W at a 
point C whi<*h is at dis- 
taiK^CH a and b from A and 
B respectively. Therefore 

Denoting the reactions 
at A and B by Hi and Rj respectively, then 


-i— 
a! 


Fia. 183, 


K,_ ^ 


and R 2 = --— 


«W 

T 




|R, 


Taking the origin at A, then at a section s, a distance x 
from A, the bending moment is 

M = Rja; if x is less than a, 

and M “Tl^x - W(a' - a) if x is greater than a. 

Therefore, from A to C, 


and from C to B, 


d^y 

dx^ 




By integrating each of these equations twice, four 
constants of integration are obtained. Now y = 0 at A 
and at B, also each equation for y must give the same 
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deflection at C and each equation for ~ mxist give the 

same slope at C. These conditions enable the four 
constants to be determined. If a beam carries more than 
one load, the work may be done in a similar way but it is 
laborious. 

Instead of completing the problem in the way described, 
it will be solved by the Macaulay method in the next Art. 

106. Macaulay Method for Obtaining Deflections when 
the Loading is Not Continuous. — ^The method will be ex- 
plained by applying it to the beam supported and loaded 
as described in the preceding Art. and illustrated in Eig. 183. 
The general rules are given at the end of this Art. 

With the origin at A, the bending moment at any section 
between C and B is 

M = RiK - W[a! - a] = w|y - [a: - a]|, 


and this is also the value of M when x is less than a if the 
term is omitted. Now if x is less than a, then 

- a is negative. Therefore the equation gives the bending 
moment at any section of the beam provided the term con- 
taining the square brackets [ ] is omitted when the expression 
inside these brackets becomes negative. 

With this proviso, the equation 


dx^ ~ BI 


wr^ 

ElU 



( 1 ) 


applies from x=^0 to x=l. 

Now it is possible to integrate [x - a] with respect to x 
in two ways, either term by term or as a whole, and the 
two results differ only by a constant. When using the 
Macaulay method, terms such as [x ~ a\ are integrated as 
a whole; therefore, integrating (1), 


dy__ Wj6a;2 {x~ay 


( 2 ), 


where A' is a constant of integration, and this equation 
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applies to the whole beam provided the term containing 
the square brackets [] is omitted when the expression 
inside these brackets becomes negative. 

It will now be shown that the value of the constant A' 
is the same when x is less than a as when x is greater than a. 

When X is less than a, 


dx^'^ ElVzJ 


and 


Ix~ J’ 


supposing the constant is now A''* 

When X = ft, V? ^ ^ 

dx Ell 21 

but from (2), when ;r=:«, 

dij \Y(ha^ 




dx Ell2Z 




Since these tw'o results must be identical it follows that 
A^-=A'. 

Finally'', iiitegrating (2), 


\Yjhx^ Ix-a]^ 

■eiUt— 6-+^"+^ 


'} 


( 3 ), 


where B' is a constant of integration, and this equation 
applies to the whole beam provided the term containing 
the square brackets [] is omitted when the expression 
inside these brackets becomes negative. It will be left to 
the student to show that the constant B' has the same 
value whatever the value of x may be. 

The constants A' and B' will now be determined. Wlien 
x=:^0, then and x-a is negative and therefore 

neglected, hence it follows from (3) that B's=0. 

When x~l~a-i b,y~0, therefore from (3) 


from which 


0:=::ihP~^ib^+A% 


bl ah, 
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Therefore 


The deflection under the load, that is at the point 0, is 
obtained by putting x^a. Denoting this dcfleetion by 
2 / 0 , then 




3EI(a + 6) 


The maximum deflection is not at the point C, but at a 
point in the longer of the two parts AC and CB, and at this 
point the slope is zero. Assuming that AC is greater than 

CB, as in Eig. 183, then putting ^ = 0 in equation (2), 

neglecting the term in square brackets because a; -a is 
negative, and substituting the value of A', 


0 


hx^ 

"n 


ah 


(a + 26), 


from which x^{\a(a + 26)}^. 

Substituting this value of x in (4), omitting the square- 
brackets term and simplifying, gives 

W6 /a(a + 26)\^ 

^“'““3EI(o + 6)\ 3 /■ 

General Mules , — Express the bending moment at a 
suitable section so as to include all the loads. Put in 
square brackets the expressions which sometimes have to 
be neglected. Neglect any term in square brackets when 
the expression inside these brackets becomes negative. 
Integrate as a whole any term in square brackets. 


107. Beam Fixed at One End, Supported at the Other End, 
and Loaded at the Centre. — A beam AB (Eig. 184), fixed at B 
and simply supported at A, carries a load W at the centre C. 
The length AB is the suj)ports are at the same level, and 
the slope at B is zero. 



224 


ENGIIsrEERING MECHANICS 


Let P and R be the reactions at A and B respectively, 
and let Mi be the fixing moment at B. Since Mi is un- 
known, the values of the ^ |w 

reactions cannot be ob- ^ i/j- bB\ „ 

tained at once by equating — .,-1— 

moments. 

Using the Macaulay ^ p ^ 

method, the required g, 

bending moment may be | 

suitably expressed in four ^ ^ 

ways, two ways with the 

origin at A and two ways with the origin at B (see 
Ex. 8, p. 238). Taking the origin at A, then at a 
section s, between C and B and a distance x from A, the 
bending moment is M = Pa; - W[a; - 
Therefore 


_ M _ 1 

dx EI^^ 


i^x-Wlx-il]} . 


.{iW-iW[x-il]^+A'} . 


y=- JP^r^ - iW[x - Ilf + A'x + B^} . 


where A' and B' are constants of integration. 

[Two of the ways of stating the bending moment contain 
the expression [\l~x]. The student should note that 
/[|Z - xyix = - J[|Z - a;J2 + a const. It is a common mistake 
to omit the minus sign in front of the bracket.] 

The constants A' and B' will now be determined. 

When a; = 0, then y = 0, and substituting in (3) gives 
B'=0. 

When x=l, then 2/ = 0, and substituting in (3) gives 

When fl:=Z, then substituting in (2) gives 

0=:JK2_JW^2+A'. 
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Solving these two equations gives P = I'vW and 
Then 

R = W-P=iiW, and = = 

At E, the point of inflexion (see lower part of Pig.)? 

^ = 0, therefore from (1), putting P=yBfW, 
dx^ 

0 = - W[a; - -JZ], from which x = i\l. 

The square-brackets term was not omitted, because it is 
obvious that E must be between the points G and B, for 
there is no bending moment at a point of inflexion and 
there is a bending moment at every point between A and 0, 
The deflection at E is found by putting in (3) 

and also substituting for P, A\ and The result, after 
simplification, is 

QWP 

^®“193GEI 


Similarly, the deflection under the load at 0, where 
x—Ui is 

_ 7WZ3 ^ 

^°“768El’ 


The maximum deflection occurs at a point between A 
and 0; this can be prove'd by putting a; = JZ in (2) and 
showing that the slope is negative at C. Then, since the 
slope is positive when x=0j it follows that it is zero at a 
point between A and 0. 

Putting ~=0 in (2) and substituting the values of P 
ax 

and A', omitting the square-brackets term, 

I 

0 = J ~ -jjVWZ^, from which x = — 

Putting this value of x and the values of P, A', and B' 
in (3), .omitting the square-brackets term, and simplifying, 
gives 

"■““sviFrssi 


P 



226 


ENGINEERING MECHANICS 


w, w- 


Yl 


Wa 


108. Beam Supported at each End and Carrying Several 
Concentrated Loads. — A beam AB, of length I between the 
supports at A and B (Eig. 

186), carries loads Wj, Wg, 
and Wg at distances a, h, 
and c, respectively, from A. 

Let Ri and Rg 
actions at A and B respec- 
tively. Taking the origin 






Fig, 185. 

at A and considering a section 8 between the load Wg 
the end B, the bending moment is 

M =Ria; ^ W^[x -a]- W^lx ~ 6] - W^[x - c]. 
Putting M = 0 and x = l and solving for Ri gives 


and 


R, = j{WxP - a] + WS -b] + W»[Z - c]}, 
then R 2 = Wi 4- Wg-f Wg-Ri. 


Now 

II 

M 1 

EI“-E] 

:{R^X~W^[X~ 

-a\~'Wlx- 

b] 




- 

W,[*-c]} 

(1). 

Integrating 

11 


1 

1 


2 





-c? + A'} 

(2), 

and 

y= 




i 


~^Wg[a;-c]3 + A'£r + B'} (3), 

where A' and B' are constants of integration. 

When a; = 0, y = 0, therefore B'=0 since ail the expres- 
sions in square brackets become negative and are neglected. 
When x=l,y — 0, therefore 

0 = JRiZ^ - J W,[? - ~ I WgP - bf - J WgP - of + A% 

from which 


Tj 72 1 

A' = — + -fws - ay +wii - by+ws - cy}. 
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The deflections at the points under the loads W^, Wg, 
and W3 are found by giving x the values a, b, and c, 
respectively, in equation (3). Denoting these deflections 
2/i> and yg, respectively, then 




2/2= ■ 


6EI 


.{Ri63-Wi[6-a]3 + 6A'6}, 


and the values of Ri and A' have to be substituted in these 
equations. 

If the numerical values of the loads and of a, b, c, and I 
are known, the position of the section at which the de- 
flection is a maximum can be determined. The sign of 
the slope is examined at the end A and at the point under 
each load in turn, and, if necessary, at the end B ; the sign 
will change between two of these points and consequently 
the slope will be zero at an intermediate point. Then this 

dll 

point may be found by putting ^=0 in equation (2), 

omitting the unwanted square -brackets term or terms, and 
solving for x. Finally, substituting this value of x in 
equation (3) will give the maximum deflection. 

109. A Numerical Example with a Propped Beam. — A 
beam, fixed in direction 6 2*6 

at each end and resting — 12 — — to- 
on a prop at an inter- ^ 



mediate point, is loaded 
as shown in Fig. 186. ^ 

(The loads are in tons 
and the lengths are in 

feet.) The three supports are at the same level and the 
slope is zero at each end. 

It is required to find the values of the reactions R^, Rg, 
and Rg, and of the fixing moments Mj. and Mg. Also, given 
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that E = 30 X 10® Ib./in.^ and 1 = 66-63 in.^ it is required 
to find the maximum deflection in each of the two portions 
into which the beam is divided by the prop. 

It will be seen that the Macaulay method may still be 
applied although the beam has an intermediate support. 
This support introduces an extra unknown force and so 
increases the algebraic and numerical work, but apart from 
this there is no difficulty. 

Taking the origin on the left and considering a section s 
to the right of the loads, then 

-2-5[!1!-20]-Mi} (1), 

g - 14]^ - .5 [^ - 8]^ 

-f[a:-20]2-M,a:+.A} (2), 

y=- - 14]“ - i[x ~ 8]“ - A[a! - 20]“ 

-|Mia:“+Aa: + B} (3), 

where A and B are constants of integration. 

When a: = 0, ^ = 0, therefore A — 0. 
ax 

When aj=30, ™ =0, therefore 
ax 

\ X + J- X IG^Ilg - I X 222 - I X 10® - 30Mi =0 (4). 

When Jr = 0, y = 0, therefore B = 0. 

When aj = 14, y = 0, therefore 

Jxl43Ili-.|x63-Jxl42Mi = 0 . (6). 

When a;=30, y=0, therefore 

I X 303Bi + J X 163Ba - f x 228 - .^5^ x lO^ - ^ x SO^Mi = 0 (6). 

Solving the simultaneous equations (4), (5), and (6) gives 
Mi = 8-397 ton-ft., Bj = 2-193 tons, and R2 = ^* 688 tons. 
Then 

R3 =Total load - Bj - Rg = 7-5 ~ 2-193 ^ 4-688 =0-619 ton. 
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Taking moments about the right-hand end, 

30Ri + I 6 R 2 -f Ms - 6 X 22 - 2-5 X 10 - Ml = 0. 
Substituting the known values and solving, gives 
M3==2’599 ton-ft. 

Before the points of maximum deflection can be found, 
it is necessary to examine the sign of the slox^e of the 
beam at each load, in order to know the terms to neglect 
when equating the slope to zero. As already shown, the 
constant A is zero. 

At the 5-ton load, 33 = 8 . Putting this value in (2), 

-~{J X 8»Ri -8MJ= -4[{70-18 - 67-18}, 

which is negative; but near the origin the slope is positive, 
therefore a point of maximum deflection occurs between 
ic = 0 and x = 8. 

From (2), putting neglecting all the square- 

brackets terms because x is less than 8, JRiic^ ~Mia;=0. 

• TT ^ 2Mi 2 x8-397 „ 

Hence 33=0, or x = = 7 • 6 C, and substitut- 

Ri 2-193 ’ 

ing the latter value in (3) gives the first maximum deflection. 
As already shown, the constants A and B are zero. 

nrst X 7-603 - JMi x 7-603} 

= -4f{J x2-193x 7-603- Jx 8-397 X7-663} 

EX 

82-1 

“ El’ 

and if E and I aro in ton and foot units, the deflection will 
be in feet. 

Substituting the given values of E and I, 

2240 12* 
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At the 2-6 ton load, x =20. Putting this value in (2), 

^ = - X 20»Ei + 1 X - f X 122 - 20 Mi} 

= -^{438-6 + 84A- 360 -167-9}= -^{523-0 - 527-9} 

which is positive ; hut when x is slightly less than 30 the 
slope is negative, therefore a point of maximum deflection 
occurs between a; = 20 and a; = 30. 

From (2), putting ^ including all the square-brackets 

terms since x is greater than 20, 

- 14]^ - - 8]^ - ![x - 20]^ ~ Mia; = 0. 

Substituting the known values and solving for x, gives 
a;=21-6 or 30'0, then if a; = 21‘6 is substituted in (3) the 
second maximum deflection is obtained. 

• Having obtained the information that the second point 
of maximum deflection lies between 03 = 20 and o; = 30, the 
subsequent arithmetical work may be shortened consider- 
ably by taking the origin on the right. Denoting 30 - oj 
by X, then from X =0 to X = 10, 


The integration constants will be zero, as before, 
therefore 

g=-^{P3X2-M3X} . . (8). 


and 

Tutting 
from which 


2/=-gj{JB3X«-JM3X®} 
||=0, P3X2-M3X=0, 


( 9 ). 


Y n Y 2 M 3 2x2-599 
X=0, or X= =-^ = 8-40, 


0-619 
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and substituting the latter value of X and the values of 
Eg and Mg in (9), gives 

Second x 0*619 x S-W ~ J x 2*599 x 8*402} 

Jill 

E f ^ 


and if E and I are in ton and foot units, the deflection will 
be in feet. 

Substituting the given values of E and I, 


Second 2 /max = 30*5x 


2240 

30 xlo« X 122 


12 ^ 
^ 6 ' 5*63 


xl2 


= 0*071 inch. 


110. Beam with a Load Uniformly Distributed over Part 
of its Length. — When a load is uniformly distributed over 
a part of a beam, the deflection problem may be solved 
by the Macaulay method without introducing any new 
idea, provided the loading extends to one end. If, how- 
ever, the loading does not extend to one end, then an 
artifice is needed and this will be explained by considering 
an example. • length 

A beam AB is supported ^ ° 

at A and B and the dis- q r' -'- vr:-..; — ?L 

tance between the sui)- ■ x - 

ports is I (Fig. 187). A ^ ^ * 

load w per unit length is Fia. 187 . 

applied over a length 6 ~ a, 

the ends of the load being at distances a and b from A. 

Let El and Eg be the reactions as shown. Taking 
moments about A, 

EgZ = w{6 - a) therefore Eg = — • 

Then Ei=w;{6 -a) '-E 2 =ta(i> -a) 

The artifice now required is as follows. Taking the 
origin at A, imagine the load w per unit length to be 
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contimied to the end B, that is over the length I - h, then 
suppose there is a similar equal load acting upwards over 
the same length. These imaginary loads are shown dotted 
in the Eig. 

At a section 8 in the part of the beam where the imaginary 
loads are placed and a distance x from the origin, the 
bending moment is 

M - lw[x - aY + 

therefore 

dhj M 1 


and the rest of the work is done in the usual way. 

111. Beam Acted on by a Couple at an Intermediate 
Section. — ^A beam AB of length I has a couple Mq applied 
to it at an intermediate sec- 






Bl 




Yk 


-z- 


tion C, a distance a from A 
(Eig. 188), The couple is 
shown as tending to turn 
the beam in the plane of 
the paper in an anticlock- 
wise direction, and the reactions Ri and Rg applied 
as indicated to give equilibrium. 

Taking moments about B, 

RiZ - Mo = 0, therefore R^ = Mq/Z. 

Taking moments about A, 

RgZ - Mg = 0, therefore R 2 =Mo/Z. 

With the origin at A, then at a section s between C and 
B, the bending moment is M=Riaj -Mq, therefore 


dxf" 


M 

"El" 


1 


El 


-{R,a:-Mo} 


(1). 


and this equation holds from x=a to x=^l) when x is less 
than a the couple Mq must be omitted. 

By introducing an artifice in the first integration, the 
equations of slope and deflection are made so that they 
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may be applied to the whole beam. This artifice is an 
extension of the Macaulay method and is due to H. A. 
Webb. 

Integrating (1), writing Mo[a; - a] instead of then 

^ - a] + A'} . . (2), 

and y=:-i{iRia;3_|Mc[a;-ap + A'a; + B'} . (3), 

where A' and B' are constants of integration, and the 
square-brackets terms are neglected as usual when x is less 
than a. The additional constant term Mo^ in (2) is allowed 
for automatically when the value of the constant A! is 
determined. 

From the conditions y=0 when x—0 and when x — l, 
the values of A' and B' may be obtained, then the slope 
and deflection may be found at any point on the beam. 

112. Frames with Rigid Joints. — ^In a number of simple 
cases the problems concerning frames which have rigid 
joints may be solved by considering each member of the 
frame as a beam. When two members are rigidly con- 
nected, then for equilibrium they exert equal bending 
moments at the joint, the direction being clockwise on one 
member and anticlockwise on the other member; also the 
angular distortion at the joint is the same for each member. 
As is usual in beam problems, it is assumed that the 
distance between the two ends of a member is not altered 
by the bending of the member. 

The following example illustrates the 
general procedure. 

Example . — A load W is supported by 
a U-shaped framework hung on pins 
passing through holes at A and B in 
the manner shown in !]^ig. 189. The sec- 
tions of the vertical and horizontal parts 
of the bracket are the same and their 
effective lengths may be taken as h and I respectively. 
If the distance between the pins is unchanged by the 




h 



Fio. 189. 
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application of the load and the corners remain right-angled, 
prove that at these corners the horizontal and vertical 
members are subjected to bending moments of magnitude 


3 P 


. W. 


[O.TJ.] 


An exaggerated idea of the way in which the framework 
deflects is given in Eig. 190. Also, the left-hand vertical 
member and the hori- 
zontal member are shown 
separately with the forces 
and couples required for 
equilibrium. The right- 
hand member is loaded 
in a similar manner to 
the left-hand member. 

If a force or a couple 
were shown acting in the 
wrong sense, then its 
numerical value would be 
found to be negative. 

The horizontal member and the left-hand vertical 
member will now be considered in turn, and the bending 
moment at the joint will be found by equating two 
expressions for the slope at the joint. 

Horizontal Member . — Each vertical reaction is and 
the unknown bending moment at each end will be denoted 
by Ml. There is a longitudinal pull R, but the effect of 
this on the bending moment at any section may be 
neglected. 

Taking the origin at the left-hand end, then, provided x 
is less than JZ, 


W/2 



and 


dx^ 

# 

dx 


El 


where A' is a constant of integration. When x~\l, the 
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slope is zero, therefore 

0 - -pi? + A' and A' = - ,V. + -JMiZ. 

When aj = 0, 

. ( 1 ). 


Left-hand Vertical Member , — The tension is JW, but its 
effect on the bending moment at any section may be 
neglected. The couple at the lower end is and this is 
balanced by the reactions R placed as shown. 

Taking moments about A, R/t - = 0, therefore R/t =Mi. 

With the origin at A, then at a section a distance x 
from A, 


_ M 
“EI 


Er 


Ux}, 




and 


y=^{4Ra:3 + A'c. + B"}, 


where A" and B" are constants of integration. 

When a; — 0, ?/ = 0, therefore B" = 0. 

When x=h, y = 0 (neglecting the extension of the 
horizontal member due to the pull R), therefore 

0 — JR/i^ + A" h, from which A" = - JRA®. 

Therefore ^ 

dx Jti 

When a; = A, ^ 

= . ( 2 ), 

remembering that R7t=:Mi. 

The slopes given by (1) and (2) are equal, therefore 

3WZ* 

T^^WZ® - JMiZ = from which = ^^hTW) 

and this is the required bending moment. 
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113. Beams with Varying Sections. — If the section of a 
beam varies from point to point along the beam, then 


d^y _ M dy 
dx^ El’ dx 


and 


A constant must, of course, be introduced at each inte- 
gration. The chief point to notice is that I is not a 
constant and cannot be taken outside the integration 
symbol. In cases whore it is possible to express both M 
and I in terms of x the integration may generally be done 
analytically (see Ex. 21, p. 242), but in other cases it must 
be done graphically. 

The section of a beam may change abruptly at several 
points, so that each portion of the beam has a dilferent 
uniform section and a different constant moment of inertia 
of section. As an example, consider a beam (Eig. 191) 
having plates riveted to the top and bottom flanges and 
loaded as shown. The sec- 
tion changes abruptly at B 
and 0, and each of the por- 
tions AB, BC, and CD has 
its own constant moment of 
inertia of section. 

Three equations may be written down, one for each of 
the uniform portions AB, BC, and CD. Integrating each 
equation twice would give six constants of integration, and 
therefore six conditions are needed. 

The conditions are as follows. The deflection is zero at 
A and the slope is zero at D. The equations for AB and 
BC give the same slope at B and the same deflection at B. 
The equations for BC and CD give the same slope at C and 
the same deflection at C. 

These six conditions enable the constants to be de- 
termined, and then the deflection at any section may be 
calculated. 

The work is somewhat laborious, and in complicated 
problems it saves time to plot M/I against x and then to 
integrate twice graphically. The deflection curve may 
also be obtained from the M/I curve by regarding the latter 



Fig. 191. 


I 

I 

! 
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as a load curve and then drawing a force polygon and a 
funicular polygon. In the graphical methods the constant 
E is taken into account when the scales of the diagrams are 
considered. 

Exercises XI 

When required assume E =30 x 10® lb, jin. ^ for steel, 

1. A couple Ml is applied to the free end of a cantilever of 
length 1. Find (a) the maximum slope and (6) the maximum 
deflection. 

2. A couple Ml is applied at each end of a beam of length I 
so that it is in equilibrium. Find {a) the maximum slope and 
(6) the maximum deflection, 

3. Two steel bars AB and BC, of circular cross-section and 
2 inches diameter, are arranged as shown in Fig. 192 with AB 
vertical and BO horizontal, the joint at B being rigid. AB 
= 5 feet and BC=2 feet. If a load W«400 lb. is applied at 
the end C, find the vertical and horizontal movements of G, 
neglecting the weight of the steel and the shortening of AB duo 
to compression. 



Fig. 192. Fig. 193. 


4. A beam of length I, freely supported at each end, carries a 
concentrated load W at the centre and a uniformly distributed 
load w per unit length (Fig. 193). Working from_ first principles, 
find the slope at each end and the central deflection, 

5. A beam of length I carries a uniformly distributed load w 
per unit length. One end is fixed so that its slope is zero and the 
other end is freely supported so that it is d units lower than the 
fixed end. Find {a) the reaction at the fixed end, (6) the reaction 
at the freely supported end, and (c) the hogging bending moment 
at the fixed end. 

6. A horizontal shaft of length I is subjected at its centre to a 
vertical load W. The shaft fits in bearings at its ends, and when 
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the slope of the shaft at the ends is 6 the bearings exert a bending 
moment on the shaft of magnitude kS. Prove that the central 
deflection of the shaft is 


WZ3 fKl + 8M\ 
192EIW + 2Eiy* 


[C.H.] 


7. A beam of uniform section and of length 21 is supported 
freely at its ends A and B and also at its centre C. The supports 
at A and B are rigid, but the support at C deflects a depth which 
is jjL times the load it carries. If the beam is subjected to a 
total load W uniformly distributed along its whole length, show 
that the load on the central support is 


6 W 

8 ' , 6EI/i* 

1+^3 


[O.U.] 


4 TONS - . 


2 TONS' 


6 . TO NS 




-32— 




Fig. 194. 


8. Refer to Art. 107, p. 223, where it is stated that the required 
bending moment may be suitably expressed in four ways. Write 
down the bending moment in these four ways. 

9. The steel beam AB 
(Pig. 194) is freely sup- 
ported at each end and 
loaded as shown. Pind 
the values of the reactions 
El and Eg 

tanoe x from A of the 
section at which the maximum deflection occurs. Given that 
I s= 377-1 inch'*, calculate the value of the maximum deflection in 
inches. 

10. A beam AB of length 4a (Pig. 196) is freely supported at 
A and B. A load W is uni- 
formly distributed over a length 
a between sections C and D. 

The positions of these sections are 
as shown : AC = 2a, CD ==> DB — a. 

Pind the distance from A of the 
section at which the maximum deflection occurs and the value 
of this deflection. 

IL A straight bar AB (Pig. 196), of 
uniform cross-section and length 21, . 
weighing w per unit length, is supported pjo, 190. 

at points 0 and D which are at the same 

level. Pind the positions of C and D in order that the slopes 
at A and B may be zero. Also find the deflections at the centre 
and the ends. 


W 




Fig. 196. 




D B 





BEFLEOTION OF BEAMS 239 

12. A beam AB of length I is freely at eaeh 

end and carries loads W^. and Wg ^ ^ 

at points C and D which are at i * 

distances and from A and B 

respectively, as shown in Fig. 197. : "T j l 

Show that the deflections at C and — j — 4 

D are, respectively, Fig. 197 , 

2^o=6|b{2«iWi(? +a,W^[P -a*)} 

“d = g^j{20aW2(! - Ba)' + - oj - a^)}. 


(These results are used in an example on whirling shafts, p. 194.) 
Further, if =a 2 and Wi == Wg =W, show that 

Wa® . . 

2^0 "~2/i> “ 4tt). 


13. The floor of the top storey of a warehouse is carried on 

steel joists freely supported at the ends. Each joist has to carry 
a load W which may be considered uniformly distributed. The 
central deflection is found to bo excessive and, in order to reduce 
this, vertical tie rods are attached to the roof and to the joists, 
at points distant l/B from each end, I being the length of a 
joist. If the lengths of these tie rods are adjusted so that the 
original central deflection is reduced by one-half, show that 
the bending moment at the middle of each joist is reduced 
to [C.U.] 

14. Fig. 198 illustrates a plate girder swing-bridge which can 

rotate about a central pivot ^ ^ ^ ^ 

C. ' The girder is of unForm 
section and the total dead- 
load weight is W. 

After being swung into 
position across the gap, the 
ends A and B are wedged 
up until the wedges exert 
an upward thrust It at each end. Prove that the deflection of 
the ends relatively to the centre is 

\i6 s/sr 



A live load w per unit length then advances across the bridge. 
Consider the position of this load as shown in Fig. 198. Prove 
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that in order to keep the end B from rising off its abutment the 
upward thrust E originally exerted by the wedges must not be 

less than [C.U.] 

15. A load W and a couple Mq are applied at the centre of a 
beam of length Z which is fixed at each end so that the end slopes 
are zero. The couple tends to bend the longitudinal axis of the 
beam in a vertical plane. Bind the slope and the deflection at 
the centre of the beam. 

16. Fig. 199 represents in skeleton a beam ACB encastered 
horizontally at A and B and supported on a column at its middle 
point C. This column is encastered 
at J) and rigidly attached to the 
beam at C. The beam carries a 
load w per unit length extending 
from C to B, so that the deforma- 
tions of the beam and column have 
the character indicated on the 
diagram, the points A, C, B being 
at the same level. 

If and Ig are the moments of 
inertia of the cross-sections of the beam and column respectively, 
prove that the bending moment in the column at C has the 
magnitude 

wa^ 1 



Fia. 199. 


1 + 


2h 


ij 


[C.U.] 


17. The centre line of a thin-waUed tube of circular section 
forms three sides of a rectangle in which AB =^BC «=CI) =a. 
The tube is fixed in a horizontal plane, its ends A and D being 
encastered into a vertical wall, and it supports a weight W at 
the middle of BO. Assuming that the modulus of rigidity for 
the material of the tube is its modulus of elasticity, show that 

the torque exerted oh the portions AB and DC is and that 

y 

6 

the deflection of the weight is jg where I is the moment of 

inertia of the cross-section of the tube about its diameter. [C.XJ.] 

18. A, B, C, D are four rigid supports at the same level, and 
the gaps between them are bridged by three discontinuous 
girders AB, BO, CD. 


AB and CD have the same length a and the same moment of 
inertia 1^. 

BO is of length 6 and its moment of inertia is Ij. 
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AB and CD each carry a uniformly distributed load w. per 
unit length. * 

BG carries a uniformly distributed load per unit length. 

Show that these loaded girders can be Hned up into one con- 
tinuous length by applying to the ends of the girders at B and 
at C couples of magnitude 


1 

I' 


[O.U.] 


19, A floor is carried by a series, of discontinuous joists sup- 
ported by stanchions. In order to strengthen the floor, double 
cantilever arms are inserted above the stanchions, as shown in 
Fig. 200, so that the joists have bearings at their quarter and 






Fia. 200. 

three-quarter points in addition to their ends. The joists are of 
uniform cross-section with moment of inertia Ij, and carry a 
uniformly distributed load w per unit length. The cantilever 
arms are also of uniform cross-section with moment of inertia I^. 

Show that the reduction in bending moment at the centre of 
a joist is 

128{Ii + 4:l2r‘ 

Also, by considering the bending moments at the centre and 
at the quarter point, show that the greatest reduction in bending 
moment for the joists is when l 2 = 14Ii and that the maximum 

bending moment is then ™. [C.XJ.] 

20. The bracket shown in Fig. 201 
is built up of two members AD and 
BC, each five feet long, pin jointed at 
A and B and rigidly attached at D and 
C to a third member three feet long. 

It carries a point load of five tons at 
three feet from A. Assuming the 
moments of inertia of AD and BC 
to be double that of CD, determine 
the maximum positive and negative 

Q 
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bending moments in each member 
moment diagrams. 

21, A flat plate spring of uniform 
thickness t is fixed horizontally at 
one end and loaded at the other end 
with a weight W. The plan of the 
spring is shown in Eig. 202. 

Find an expression for the deflection 
of the free end ; and prove that if c is 
small compared with b the expression 
reduces to that for a cantilev^ of uni- 
form rectangular cross-section. [C.U.] 

22, A horizontal steel beam, freely supported on a span of 
20 feet, consists of a 16-inch x 6-inch at 60 lb. per foot roUed 
steel Joist having a plate 10 inches wide by one-hah an inch thick 
secured to each flange over the centre 10 feet of span. Determine 
the maximum deflection of the beam when completely loaded 
with two tons per foot run. Neglect rivet holes and the weight 
of the beam itself. 

The moment of inertia of a 16-inch x 6-inch at 60 lb. per foot 
rolled steel Joist alone is 618*1 inch units. [U.L.] 

23, A simply supported beam of circular section and length I 
carries a concentrated load of W at mid-span. If the diameter 

of the section is the same for a length ^ from each support, and 

is increased by 60 per cent, for the middle third of the span, 
determine the value of the constant in the formula for the 

WP 

deflection underneath the load, deflection ~ constant x in 

iiii 

which I is the moment of inertia of the section of the lesser 
diameter. [U.L.] 


and sketch the bending 
[U.L.] 
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Exercises II, pp. 28-31. 

1. 21*3 ft./seo. at 69° 3' to OX. 2. 69-5 ft./soc. at 40° 1' to OX. 

3. 6-09, 8-34, 9-74, and 10 ft./soc. 

4. (a) At A; (6) At infinity perpendicular to AC. 

5. 30-1 ft./soc. 6. Crankshaft 13-1 ft./soc., crank pin 10*8 ft./soc. 

7. (a) At point of contact with rail; top point moves at 160 ft./soo.; 
(6) At centre of wheel; (c) On vortical diameter and If ft. above rail; 
sliding velocity 7 ft./sec.; velocity of top point 17 ft./sec.; (d) 13 ft. /sec. 
perpendicular to line joining foremost point to instantaneous contre. 

8. (a) 37° 63'; (b) 66*71 ft./sec.; (c) 15-01 ft./seo.; (d) 73° 48'. 

9. Vel. of P :=:1.73 ft./seo.; vbl. of D =3-19 ft./sec. 

10. 0)20=0*36 rad./seo.; C0Qjy~h27 rad./soc.; Wg = l*49 ft./seo.; vel. 
of mid point of BC = 1‘6C ft./sQc. 

11. e^ = 7<72 ft./sec.; Vj = 10* 1 ft./soc.; =5-20 ft./soc. 

12. 2-00 ft./sec. 13. 10-2 ft./sec. 

Exercises III, pp. 42-46. 

1. 55 ft./sec.; 26 ft./soc.*. 2. 20-6 ft./sec.; 241*2 ft. 

3. 0*966 sec.; -37*1 ft./soc.». 6. 13° 18' to OX; 680*6 ft. 

6. 10 min. 7. 2*75 ft./sec.*; 3*14 ft./sec.*; 49*09 sec. 

8, 72 ft./seo.; 3240 ft. 9. 18*20 ft./sec.; 22*36 ft./sec. 

10. 33*7m.p.h.; 72*2m.p.h.; 0*416 ft./sec.». 

12. 0*702 ft./soc.*; 63*61 ft./seo. 13. 31*1 sec.; 26,900 ft.; 3880 ft. 

14. 31*6 600.; 27,300 ft. 15. 20° 46'; 68° 1'; 69*6 ft.; 10*6 ft. 

16. 3*06 see. 18. 0, 29*6, 30*1, 21*5, 0 ft./sec. 

19. 6968, 4013, -1283, -4013, - 4392 ft./sec.*, 20. 79°. 

V2 sin 0 .... - sin 0 , 

24. 7=: tAC.co; 7== 

(3 - 2V2 cos 0)* (3 - 2 V 2 cos 0)* 


Exercises IV, pp. 60-67. 

An acceleration is given here as negative when the velocity is decreaeing. 

1. 6480 ft./sec.*. 2. (a) +0 ft./soc.*; (6) -j^ ft./seo.*. 

3. 124 ft./sec.*. 4. (a) 371 ft./soc.*; (6) - 216 ft./seo.*. 

8. CO = 3*76 rad./sec,; co =24*14 rad./sec.*; 3*36 ft./sec. at 121 
measured anticlockwise from BA. 

10. Vel. of 0=44*2 ft./soc.; vel. of E =26*6 ft./seo.; acc. of 0 = 11,300 
ft./seo.*; acc. of E= -16,600 ft./seo.*; ang. vel. of BO =79*6 rad./sec.; 
ang. vel. of DE=102 rad./sec.; ang. acc. of BO =-16,100 rad./sec.*; 
ang. acc. of DE = 12,800 rad./aoc,*. 

11. 7*16 ft./sec.; -86*1 ft./sec.». 

12. 1*20 rad./sec,; - 8*34 rad./sec.*. 

14. Vol. of E = 18*8 m,/66c.; acc. of E= - 80 in./seo.*. 
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JExercises V, pp. 83-88. 

1. 1'61 jft./sec.®; 24*16 ffc./sec.; 6 sec. 

2. 7*61 ft./seo.; 0*0328 see.; (a) 18,0001b.; (6) 20,6001b. 

4. 16Hb.; 33ilb* ” 

6. 60*1 
8. 9*1 ft. 

10. 129*4 ft.; 0*706; 7*33 ft./seo. 

12. 3*66 mohos. 

14. 8*3 sec. 

16. 3*64 inches. 

18. 14*2. 


22 .^ 

position. 

23. (Z-Ho)/W. 

26. Per wheel: front +13* 

27. Per wheel; outer +6*34 lb., inner -6*34 lb. 


6. 601b.; 76 1b. 

7. 63*6m.p.h. 

9. 27*7. 

11. 0*716. 

13. 11*6 inches. 

15. 38° 43'; 462 lb. 

17. 44,800; 273*3 sec. 

19. l*6m.p.h.; 2*67 ft.-tons; 8*61. 
21, 60 m.p.h. 


20. (a) 16*2; (6) 61*8 lb. 

1. Wc sin 0 +^W(o -0 cos 0), taking 0=0 when weight is in lowest 


24. (n, ~wh{X +sin a)/A}fc; 12*6 m.p.h. 
■11b., back -13*1 lb. 


Exercises VII, pp. 114-116. 

1. 0*327 sec.; 3*059 cyclos/sec. 

2. (i) SJ-I- cos 4*77ri; (ii) sin 4*777'i; 

(iii) x = cos 4*777-i - Vs sin 4*7?ri{ cos (4*77ri 

3. 1*63 ft.; 6*06 ft./sec.; 2*03 sec. 

4. (i) 21*66 ft./sec.; (ii) 17*68 ft./seo. 

6. 0*091 ft.; 0*956 ft./seo. 

6. 89*0ft./soe.; 22,370 ft./sec.^; 7920 1b. 

7. 0*462 sec.; 0*869 ft. /see. 

8. 20*94 ft./soc.; 18*14 ft./soc.; 1316 ft./sec,®; 133. 

10. 47^* ft./seo.®. 11. 1*918 800 .; 0*013 see. 12. 3*26 ft.; 86*3 soo. 
13. 3*32 sec.; 6*64 sec. 14. 1*0174. 


Exercises VIII, pp. 129-131. 

1. r=3*96 inch; 0i=13° 10'; acceleration at A is 2924 ft./sec.*; at 
B, 2847 ft./seo.* and -626 ft./seo.*; at D, -914 ft./seo.*. 

2. 0*822 inch. 

3. (a) 1682 ft./sec.*; (6) 0*0117, 0*0469, 0*1055, 0*1876, 0*2696, 0*3281, 
and 0*3633 inch; (c) sec Fig. 203. Acceleration is shown here as positive 



Fig. 203. 
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or negative according as its direction is that of valve opening or of valve 
closing. 


4. (a) cos 0 ft./sec.®; (6) 530 r.p.ni. 


6. (a) 694r.p.m,; (6) 460 r.p.m. 

6 . 13° 4"; itt approx. 10. 23*4 lb. 

11. 3‘70inm. 12. -990 ft./soc.*; 23«1 lb. 


Exercises IX, pp, 166-161. 

1. (a) l*61ft./seo.»j (b) 7-27sec.j (c) 1-67 tons; 3-76 ton-ft. 

2. l-32ton*ft.; 24-6. 3. (1) 

4. (a) 10-7 ft./sec.a; (6) 0-192, 


(3)- 


a+b-/xh* a+b+fxh 
6. 13-7 see. 6. 6-62 in. 


4V2 

8. (1) (2) 


7. (1) fr; (2) (3) |r. 

9. a=4*07in.j 6 = 9-68 in.; l; = 4-82in. 

10. a = 6-16in.; 6 = 11-84 in.; A = 6*63in. 

11. Bi=6-43Ib.; 1^2 = 101-0 lb.; 0-90 rad./seo. 

13. 


, 7V2 


{3)|a. 


19, 




gx J 

2mg'6(coa 0 -cos a) 


16. 2-61 ft.; 24-1 ft.-tona. 


16. 14-4ft./8eo. 


4M{&a +a“) +?n(a« - 2a6 cos 0 +6*)J 

20. Nj =43-6 r.p.m.; =32-7 r.p.m.; 0-28 in.-lb. 

21. Ni=36-4r.p.m.; N3 =26-6 r.p.m.; 31-7 in.-lb. 

22. (i) 41-7 rad./sec.®; 23-2 rad./sec.*; (ii) 193 r.p.m.; 0-48 sec. 

_ Vt^ Va)^7g - Bh)* ~ 70gh 
^ 7a -6A* 7a 

27. ima‘a) sin* 0. 

Exercises X, pp, 201-206, 

1. 0-816 see. 2. 187-7; 169; 4-61 inches when using first spring, or 
6-71 inches when using both springs. 

3. 1-92 lb. 4. See Fig. 204. 


0-6 

FT, 
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Fia. 204. 

5. 1*78 sec.; 1-82 see.; log. dec. =0-682; B. = 0-76 1b. 

7, 6-29 in. 8. 0-0664 sec. 9. 26-3 oscillations/aoo. 


10 . T=2,Vf Cf =^3 




’rjod* " y SCwdldl' 

11, 132 OBcillations/Beo. 12. 6-37 lb. -ft.; (i) 0-313w Ib.j (ii) 0-199m lb. 
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13. {a) 1622 r.p.m.; (6) Total deflection = dynamic H- static deflections = 
0*000200 in. +0*013393 in. 

14. 0*627 sec.; (1) No damping, 2/=:3*85 cos 10*02i, see Fig, 206; 

(2) Damping, y =6“’'“<(3*86 cobV 44i +4*36 sinV 44i), see Fig. 206; 

Amplitude in see Fig, 206 ; 

V (100*4 -p»)*+225*6p» 



Angle of lag e=tan~^ 100*4 ^ rad. /sec., it 

is convenient to replace p by ttN/SO when drawing the last two graphs, 
N being in r.p.m. 



16. 16*0 oscillations/sec. 16, 481 r.p.m. 

17. First Method (using deflections obtained when both loads are on 
shaft) 920 r.p.m.; Second Method 861 r.p.m. 18. 1960 r.p.m. 


Exercises XI, pp. 237-“242. 

i r.- .1* • / ^ All? /1.x 

1. Disregarding signs, (a) (6) 

o Tx* .j* * /X Ml? „ , MiZ* 

2. Disregarding signs, (a) (6) 
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3. Vortical, 0'666 inch; horizontal, 0*733 inch 

S. (a) + (5) iwl-zmj, (6) i,„7.+3Ell. 

8. Refer to Fig. 184, p. 224. 

Origin at A: M =Pa; -‘WfaJ •"iZl, or M— T?// ixrriT i nr 

9. B,_6tons; R.=7tons, * = 16-83 feet; = 1-28 iaohoe. 

10. 2-12e npprox., = Lllp!! 


11. AC=DB=(1 -iv/3)Z = 0*423Z approx. 

. (12\/3-19M* 
216EI 


tt)Z* 

'mSi “PP™*- 


At centre, y 

At ends, y- (7-4V3)w;< 

64EI "* 762EI 

16. Slope=^^; daflection=j^. 

20. See Fig, 208. 

At (1), M=9-980 ton-foot. 

At (2), M~ 6*643 ton-foet. 

At (3), M = 8*367 ton-feot. 



91 0 0* 0* /£»+c\l 

i'max - “ “s log„ \"X“ //■ becomes indeterminate 

when c=0. Bring to a common denominator, differentiate numerator 
and denominator separately with respect to c, then put o=0 and the 

deflection becomes 

./max 

22. 0*488 inch. 


23. xHk. 
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Acceleration, 4 
Accoloration, analysis of, 32 
Acceleration and force, 68 
Acceleration, angular, 4 
Acceleration centre, 63 
Acceleration, centre of zero, 63 
Acceleration, centripetal, 48 
Acceleration, Coriolis, 66 
Acceleration diagrams, 47 et seq. 
Acceleration, expressions for, 34 
Acceleration, formulse for uniform, 
34 

Acceleration image, 49 
Acceleration in slider-crank mechan- 
ism, 41, 60 

Acceleration, linear, 4 
Acceleration of point moving along 
a rotating straight line, 66 
Acceleration of point on rotating 
body, resultant, 48 
Acceleration, radial, 47, 48 
Acceleration, resultant, 30, 48 
Acceleration, unite of angular, 7 
Accelerations of points on a rigid 
body, 49 

Alphabet, Greek, 1 
Amplitude, 106, 162 
Amplitude factor, 113, 143 
Amplitude, magnification of, 173, 
176 

^alysia of cams, 117 aeq. 
Analysis of velocity and accelera- 
tion, 32 et aeq. 

Angle, phase, 106 
Angular acceleration, 4 
Angular acceleration and torque, 71 
Angular acceleration, unite of, 7 
Angular momentum, 71, 161 
Angular momentum, conservation 
of, 73, 162 
Angifiar velocity, 2 
Angular velocity ratios, 14 
Angular velocity, units of, 7 
Angular velocity, vector representa- 
tion of, 81 
Answers, 243 et seq. 


Applied force, 132 
Area, moment of inertia of, 76 
Area, second moment of, 76 
Average speed, 3 
Axis, instantaneous, 18 
Axode, 18 

Beam deflections, Macaulay method 
for, 221 

Beam, transverse vibrations of a, 
186, 180, 188 

Beams, deflection of, 206 et aeq. 
Beams with varying sections, de- 
flections of, 236 
Bifilar suspension, 110 

Cam follower, dwell of, 118, 127 
Cam follower, graphs of motion of, 
126 

Cam with flat-footed follower, con- 
vex, 119 

Cam with roller follower, concave, 
124 

Cam with roller follower, convex, 
123 

Cam with roller follower, straight, 
121 

Cams, analysis of, 117 et aeq. 

Cams, typos of, 117 
Centre, acceleration, 63 
Centre, instantaneous, 16 
Centre of oscillation, 143 
Centre of percussion, 164 
Centre of zero acceleration, 63 
Centre, virtual, 17 
Centres, fixed, 18 
Centres, permanent, 18 
Centrifugal force, 73 
Centripetal acceleration, 48 
Centripetal force, 73 
Centrode, definition of, 18 
Centrodes, 25 

Centrodes for double slider mechan- 
ism, 27 

Circular and linear motions, rela- 
tions between, 6 
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Component vectors, 9 
Compound pendulum, 141 
Compound pendulum roactiona, 144 
Compound supplementary accelera- 
tion, 66 

Concave cam with roller follower, 
124 

Conical penduluni, 74 
■Conservation of energy, 80 
Conservation of momentum, 73, 
162 

Convex cam with flat-footed 
follower, 119 

Convex cam with roller follower, 123 
Coriolis acceleration, 66 
Couple, efiective, 130 
Couple, impulsive, 78 
Critical speeds, 191 
Curvature, radius of, 200 
Cycle, 106, 162 

d’Alembert's principle, 132 
Damped vibrations, 106 
Damping force, 166 
Deceleration, 4 
Decrement, logarithmic, 171 
Deflection of beams, 200 et seq. 
Deflection of beams, Macaulay 
method for, 221 

Deflection of beams with varying 
sections, 236 

Diagrams, acceleration, 47 et seq. 
Diagrams,, velocity, 12 
Dimensional method of determining 
indices in formulee, 91 
Dimensions— Dynamical Similarity, 
89 et aeq. 

Distance-time graphs, 2 
Dimkerley’s formula for whirling 
, shafts, 193 

Dwell of cam follower, 118, 127 
Dynamical similarity, 94 

Effective couple, 136 
Effective force, 132 
Elastic force in deflected beam, 209 
Encaatrd beam, 209 
Energy, 79, 140 
Energy, conservation of, 80 
Energy, kinetic, 80 
Energy method of obtaining equa- 
tion of vibrating mass, 166 
Energy, potential, 79 
Equations of motion of a rigid 
body, 133 

Equivalent simple pendulum, 142 

Factor, amplitude, 113, 143 
Factor, magnification, 173, 176 


Fixed centres, 18 
Fluxional notation, 6 
Force and acceleration, 68 
Force, applied, 132 
Force, centrifugal, 73 
Force, centripetal, 73 
Force, damping, 166 
Force, effective, 132 
Force, impulsive, 72 
Force in deflected beam, elastic, 209 
Force, periodic, 176 
Force, spring, 121 
Force, torque, work, and energy, 
68 et aeq. 

Forced and damped vibrations, 171 
Four-bar ohain, 24 
Frames with rigid joints, 233 
Frequency, 106, 162 

Graphs, distance -time, 2 
Graphs of motion of cam follower, 
126 

Graphs, velocity-time, 6 
Greek alphabet, 1 
Gyration, radius of, 76 
Gyrostatic motion, 82 

Hackwefrth valve gear, 21 
Helical spring, motion of mass 
suspended by, 163 
Horse-power, 81 

Image, acceleration, 49 
Image, velocity, 16 
Impulse, 72| 160 
Impulsive couple, 73 
Impulsive force, 72 
Inertia, moment of, 71, 76, 77, 88 
Inertia, polar moment of, 76 
Inflexion, points of, 216 
Instantaneous axis, 18 
Instantaneous centre, 16 
Instantaneous centres of three 
links, relative, 23 

Eater’s pendulum, 144 
Kinetic energy, 80 
Kinetic energy of translation and 
rotation,' 80 . 

Klein’s construction, 62 

Laws of motion, 68 
Linear acceleration, 4 
Linear and circular motions, rela- 
tions between, 6 

Linear momentum, conservation of, 
73, 162 

Linear velocity, 2 
Logarithmic decrement, 171 


INDEX 


Macaulay method for beam deflec- 
tions, 221 

Magnification of amplitude, 173, 176 
Marshall’s valvo gear, 63 
Mass, 68 V , 

Mass suspended by a spring, motion 
of, 163 

Mohr’s construction, 62 
Moment of inertia, 71, 76, 77, 88 
Moment of inertia, polar, 76 
Moment of inertia — theorems, 76 
Moment of momentum, 72, 160 
Moment of momentum, conserva- 
tion of, 73, 162 
Momentum, 68, 150 
Momentum, angular, 71, 160 
Momentmn, conservation of, 73, 152 
Momentum, moment of, 72, 160 
Motion, gyrostatic, 82 
Motion, laws of, 68 
Motion of mass suspended by 
helical spring, 163 
Motion of projectile, 39 
Motion of rigid bodies, 132 et aeq. 
Motion, relations between linear 
and circular, 6 

Motion, simple harmonic, 104 et 
aeq., 162 

Newton’s laws of motion, 68 
Node, 179 ^ 

Notation, fluxional, 6 

Oscillation, 162 
Oscillation, centre of, 143 

Parallelogram of vectors, 8 
Pendulum, compound, 141 
Pendulum, conical, 74 
Pendulum, equivalent simple, 142 
Pendulum, Kater’s, 144 
Pendulum reactions, compound, 144 
Pendulum, simple, 109, 112 
Percussion, centre of, 164 
Period, 106 
Periodic forCe, 176 
Periodic time, 106, 162 
Permanent centres, 18 
Phase, 107 
Phase angle, 106 
Phase difference, 107, 172 
Points of inflexion, 215 
Polar moment of inertia, 76 
Pole, 12 

Potential energy, 79 
Pound, 09 
Poundal, 69 
Pound-weight, 69 
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Power, 81 
Precession, 83 
Projectile, motion of, 39 

Radial acceleration, 47, 48 
Radian, 2 

Radius of curvature, 206 
Radius of gyration, 76 
Relative instantaneous centres of 
three links, 23 
Relative velocity, 12 
Relative velocity, special cases of, 
13 

Resolution of vectors, 9 
Resonance, 174 
Resultant acceleration, 36, 48 
Resultant velocity, 36 
Retardation, 4 
Reversed effective force, 132 
Bejmolds’ number, 98" 

Rigid bodies, motion of, 132 ei 
aeq. 

Rigid body, accelerations of points 
on a, 49 

Rigid body, definition of a, 132 
Rigid body, velocities of points on a, 
16 

Rigid jointed frames, 233 
Routh’s rule for moment of inertia, 
77 

Second moment of area, 76 
Shaft, torsional vibrations of a, 176, 
177, 179, 181 

Shafts, whirling of, 191, 193, 190 
Shaping machine mechanism, 67 
Similarity, dynamical, 94 
Simple harmonic motion, 104 etaeq., 
162 

Simple pendulum, 109, 112 
Simple pendulum, equivalent, 142 
Slider-crank mechanism, accelera- 
tions in, 41, 60 

Slider-crank mechanism, velocities 
in, 19, 41 

Slider mechanism, oentrodes for 
double, 27 
Slug, 70 
Speed, 1 

Speed, average, 3 
Speeds, whirling, 191 
Spring force, 121 

Spring, motion of mass suspended 
by a, 103 

Spring, stiffness of, 163 
Straight cam with roller follower, 
121 

Suspension, bifilar, 110 
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Time, periodic, 106, 162 
Torque, 71 

Torque, impulsive, 73 
Torque, vector representation o ,81 
Torque, work done by a, 79 
Torsional vibrations, 176, 177, 179, 
181 

Transverse vibrations, 186, 186, 188 
Turning moment, 71 
Types of cams, 117 



Vector representation of angular 
velocity, 81 

Vector representation of torque, 81 

Vector triangle, 8 

Vectors, 7 

Vectors, analjdrico! determination 
of, 10 

Vectors, angular velocity and 
torque, 81 

Vectors, component, 9 

Vectors, resolution of, 9 

Velocities of points on a rigid body, 
16 

Velocity, 1 

Velocity — Acceleration — Vectors, 
I et seg. 

Velocity, analysis of, 32 

Velocity, angular, 2 


Velocity Diagrams — Instantaneous 
Centres, 12 et seg. 

Velocity image, 16 
Velocity in slider-orank mechanism, 
19, 41 

Velocity, linear, 2 

Velocity of valve in Hackworth gear, 
21 

Velocity ratios, angialor, 14 
Velocity, relative, 12 
Velocity, resultant, 36 
7 ^ 13 

Velocity, vector representation of 
angiilar, 81 

Velocity-time graphs, 6 
Vibrations, 162 et seq. 

Vibrations, damped, 166 
Vibrations, forced and damped, 171 
Vibrations, torsional, 176, 177, 170, 
181 

Vibrations, transverse, 186, 186, 188 
Virtual centre, 17 

Whirling of shafts, 191, 193, 196 

Whirling speeds, 191 

Work, 78, 146 

Work done by a torque, 79 

Zero acceleration, centre of, 63 
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